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Kurzfassung

Answer Set Programming (ASP) hat sich in den letzten Jahren zu einer
anerkannt effektiven Methode zur deklarativen Wissensrepréasentation und
automatisierten Schlussfolgerung entwickelt. Der ASP Formalismus kann als
Fusion von Logischer Programmierung und Datenbanken betrachtet werden,
mithilfe dessen alle Problemstellungen einer gewissen Komplexitéatsklasse
der zweiten Stufe der polynomiellen Hierarchie ausdriickbar und 16sbar sind.

Die vorliegende Arbeit gliedert sich in zwei Teile: Im ersten Teil wird,
nach einer kurzen Einfiihrung in Answer Set Programming, das System
DLV und dessen Architektur vorgestellt. Zwei besonders effizienzrelevante
Komponenten dieses Systems werden genau analysiert und im Zuge dessen
werden neuartige Verfahren fiir die Implementierung dieser Komponenten
prasentiert, deren Niitzlichkeit experimentell belegt wird.

Im zweiten Teil wird das im ersten Teil behandelte Kernsystem auf ver-
schiedene Weise erweitert. Einerseits werden Erweiterungen des Basissys-
tems vorgestellt, die entweder die Ausdriickbarkeit einer gréfleren Menge
von Problemstellungen ermdglichen, oder aber die Formulierung bestimmter
Zusammenhénge erleichtern. Andererseits wird gezeigt, wie man auf ein-
fache, aber effektive Weise das Basissystem erweitern kann, um in unter-
schiedlichen Formalismen repréasentierte Problemstellungen mittels eines ASP
Systems losen zu kénnen.






“Was sich tiberhaupt sagen laft,
laBt sich klar sagen;

und wovon man nicht reden kann,
dariiber mufi man schweigen.”

Ludwig Wittgenstein
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Chapter 1

Introduction

Answer Set Programming (ASP) has evolved and been recognized as a con-
venient and powerful method for declarative knowledge representation and
reasoning during the last decade [10]. The ASP paradigm can be seen as
a fusion between logic programming and database technology, which allows
for a purely declarative way of specifying and solving problems up to a
particular complexity class called 25 .

Seen from a database perspective, ASP enlarges the class of problems
that can be dealt with by traditional database languages, while keeping the
underlying relational model. Seen from a logic programming perspective,
ASP is a well-defined subset of general logic programming, which abolishes
the need for a procedural interpretation, and in particular the need for
termination analysis. ASP has a comparatively simple semantics, which is
mathematically well-defined.

To summarize, the benefits of ASP are:

e Enhanced expressiveness with respect to traditional database languages.
e Purely declarative semantics, no procedural aspects.

e Guaranteed termination.

e Well-defined and well-understood semantics.

e Clear complexity results.

When the foundations for ASP have been laid down in e.g. [67, 13, 68,
108], the focus was on finding reasonable semantics for what became known
as Answer Set Programs later-on. Many semantics have been defined for
these programs in the early 1990ies (see [38, 39] for an overview), but the
Answer Set Semantics as defined in [68] is now widely recognized as the
canonical semantics for Answer Set Programs.

After this period of defining and refining semantics, the first prototype
systems for computing Answer Sets were conceived. Among these are [8, 57,



60, 28, 27, 98, 99, 114, 6] and also [92], as described in [87]. Today, DLV and
Smodels are the most widely used ASP systems.

The first systems were research prototypes, the goal of which was mainly
to show the feasibility of computing answer sets or to demonstrate differences
among the various semantics. Soon it became clear that the performance of
these prototypes was too bad to solve real-life problems, so the main focus
has switched from showing feasibility to enhancing efficiency. Another issue
became obvious at about the same time: While ASP provides a very simple
and flexible formalism, dealing with optimization or approximation tasks is
usually cumbersome or even impossible. For this reason, enhancing expres-
sivity to deal with such problems has become another focus. Yet another
observation is that often problems can be specified in a more convenient
way using a formalism different from ASP, which can then be automatically
translated to ASP, solved by an ASP system, and re-transformed to the
original formalism. It turned out that ASP seems to be very apt for this
task.

This thesis focuses on these issues, which we summarize as enhancing
efficiency and expressiveness of ASP. The term “expressiveness” is to be
understood as having two dimensions: One concerns complexity, the other
one ease of knowledge representation. While the concept of weak constraints
(described in Chapter 6) enhances expressiveness in both dimensions, the
concepts of inheritance (see Chapter 7), diagnostic reasoning (see Chap-
ter 8), and other front-ends enhance expressiveness in the knowledge rep-
resentation dimension. A particular ASP system, DLV, has been chosen as
the basis of our work. The foundations of this system have been laid out in
[80, 81], and the first prototype was built in 1996/1997 [57, 58, 60, 59].

Reflecting the title, the thesis consists of two parts: The first part de-
scribes techniques for enhancing the efficiency of ASP systems, which have
been applied on the aforementioned DLV prototype. The second part shows
how the two dimensions of expressiveness can be enhanced, again using DLV
as the underlying system. Note that these two parts are orthogonal — by
combining them, a very attractive system, which is both efficient and ex-
pressive, has been achieved.



Part 1

Answer Set Programming
Kernel



In this part we will focus on Answer Set Programming (ASP) in its
original sense [68], with a bias towards the DLV system. We will first define
the syntax of the underlying language, Disjunctive Datalog, followed by
the associated semantics, Answer Sets, in Chapter 2. This language and its
semantics serve as the kernel of the DLV system. Its benefits are its simplicity
and its clear semantics.

In Chapter 3 we briefly discuss a general methodology (suggested in
[45]) for encoding concrete problems as Answer Set programs by means of
several examples. This chapter shows the suitability of ASP as a knowledge
representation formalism.

In the following chapters, a computational tool for actually computing
answer sets is described. The general architecture of the Answer Set Pro-
gramming System DLV is presented in Chapter 4.

In Chapter 5 we focus on a key component of DLV, the Model Generator,
discussing its design and implementation in detail. We first present the
overall method of the Model Generator, and focus on two key parameters
in this general design: Consequence derivation and choice. We will present
a strong method for computing deterministic consequences, exploiting some
genuine properties of ASP (as opposed to traditional frameworks such as
satisfiability checking). Concerning the choice parameter, we will define
several heuristics, and compare them experimentally.

In total, this part concerns a comprehensive account of Answer Set Pro-
gramming, and of methods on how to build a sophisticated ASP system.



Chapter 2
Language

In this chapter, we provide a formal definition of the syntax and semantics
of the kernel language of DLV: Disjunctive Datalog extended with strong
negation under Answer Set Semantics. This programming method is referred
to as Answer Set Programming (ASP) or Disjunctive Logic Programming
(DLP). For further background, see [10, 56, 88, 68].

2.1 Syntax

The most basic part of the language consists of names for entities, which
are referred to as constant symbols. Names, which can represent any entity
are called variable symbols. Terms are any of these two.

Definition 2.1.1

Let ovar, Oconst, and opreq denote sets of variable symbols, constant sym-
bols, and predicate symbols, respectively. In the DLV system, o4, consists
of alphanumeric strings (possibly including underscores) starting with an
uppercase letter, oeonst consists of

e alphanumeric strings (possibly including underscores) starting with a
lowercase letter,

e strings of arbitrary characters (except ) delimited by “

e integer numbers,

while 0preq is equal to Oconst Without numbers. With each p € opreq We
associate a non-negative integer, denoted arity(p)!. We define the set of
terms as Oierm = Oypar Y Oconst-

In the DLV system arities are not defined on a global scope, but rather locally in the
scope of one program (see Definition 2.1.4).



Example 2.1.1

Here are a few examples for variable, constant, and predicate symbols:
x, 0815, planB, plan9fromQuterSpace, graph_1 € oconst;
Placeholder, X1, VAR, V.X_1 € oyar;

planB, is_weird film, predicatel, graph_ 1 € opcq;

Atoms define relations between terms, while literals define possibly negated
relationships. There are two variants of negation: “Classical” (or “true”)
negation, which can be thought of as definite negation (falsity that can be
proved), and negation as failure (NAF), which can be thought of as default
negation (falsity because the contrary cannot be proved).

Definition 2.1.2

An atom is an expression p(ti,...,t,), where p € Opreq, arity(p) = n, and
ti,... tn € Oterm- A classical literal [ is either an atom p (in this case, it is
positive), or a negated atom — p (in this case, it is negative). A negation as
failure (NAF) literal ¢ is of the form | or not [, where [ is a classical literal;
in the former case, it is positive, and in the latter case negative. Unless
stated otherwise, by literal we refer to a classical literal.

Given a classical literal [, its complementary literal —.0 is defined as - p
if [ is an atom p and as p if | = = p. Given a set of classical literals L,
its complementary set —.L is defined as —=.L = {=.l | | € L}. A set L of
classical literals is consistent if L N —.L = (, i.e. if for each literal [ € L, its
complementary literal is not contained in L.

In a similar way, given a NAF literal ¢, its complementary NAF literal
not ./ is defined as not [ if £ is a classical literal [ and as [ if / = not [.
Given a set of NAF literals £, its NAF-complementary set not.L is defined
as not.L = {not.l | £ € L}. A set L of NAF literals is NAF-consistent if
L Nnot.L = (, i.e. if for each NAF literal ¢ € L, its NAF-complementary
literal is not contained in L.

Example 2.1.2

naughty(Child) and is_weird film(plan9fromOuterSpace) are atoms and
hence also positive classical and positive NAF literals, and arity(naughty) =
arity(is_weird film) = 1 holds.

— naughty(Child) is a negative classical literal and positive NAF' literal,
while not naughty(Child) and not — naughty(Child) are examples for neg-
ative NAF literals.

The set S = {naughty(john), - naughty(john)} is not consistent, as —.S =
{— naughty(john),naughty(john)} NS =S5 # 0.

Connections between literals are expressed by means of rules.

Definition 2.1.3
A disjunctive rule (rule, for short) r is an expression of the form

ar V ...V a, < by,...,bg, not bgi1,..., not by,.



where a1,...,an,b1,...,by are classical literals and n > 0, m > k > 0.
The disjunction a1 V ... V ay is the head of r, while the conjunction
bi,...,bg,not bgy1,...,n0t by, is the body of r. A rule without head literals
(i.e. n = 0) is usually referred to as an integrity constraint. If the body is
empty (i.e. k =m = 0), we usually omit the “—” sign.

Given a rule r, let H(r) = {a1,...,a,} denote the set of classical literals
in the head, and by B(r) = B*(r) U B~ (r) the set of classical literals in
the body, where BT (r) = {by,...,bx} and B~ (r) = {bgs1,...,bm} are the
sets of positive and negative body atoms, respectively. Furthermore, let
B(r) = BT (r)U{not bgi1,...,not by} denote the set of NAF literals in the
body of a rule.

A rule r is safe (or range-restricted), if all the variables occurring in it
occur at least once in B*(r). For non-safe rules it is not intuitive what their
range is, i.e. which constants they can be substituted with. The range could
consist of all (infinitely many) constants, or the set of constants occurring
in some given scope. Both variants have flaws: In the former case, infinity
is introduced, while in the latter case the principle of domain-independency
is violated. For details we refer to [1]. In the sequel, we will consider only
safe rules.

Example 2.1.3
Let r1 be the following rule:

a(X) vV =b(Y) <« c(X,Y),~d(Y,Z),not e(X),not — £(X, Z).

Then, H(r1) = {a(X), b(¥)}, B+(7"1) = {c(X,Y),~d(Y,2)}, and B~ (r1) =
{e(X),— £(X,Z)}. Moreover, B(r1) = {c(X,Y),~ d(Y,Z),not e(X),not = £(X,Z)}
holds. ry is safe, as all variables in the rule (X,Y,Z) occur in B¥(ry).

The rule ry;, a(X,Y) < = b(X),not c(X,Z). is not safe, as the variables Y
and Z do not occur in B (ry) = {=b(X)}.

Collections of rules are referred to as programs. These programs can
also be thought of as knowledge bases.

Definition 2.1.4

A disjunctive datalog program P (for short, simply program) is a finite set
of safe rules. A not -free program P (i.e. Vr € P : B~ (r) = () is called
positive, and a V-free program P (i.e. Vr € P: |H(r)| < 1) is called normal.

A term, an atom, a literal, a rule, or a program is called ground, if
no variables appear in it. A ground program is also called a propositional
program. For reasons of presentation, we will often denote programs not
in explicit set notation, but rather by omitting curly braces and commata.
Still, the programs should be thought of as sets.

Example 2.1.4
The following constitutes a non-ground disjunctive datalog program Py:



naughty(john). - naughty(jack).

child(john). child(jack). child(jill).

— naughty(jill) V naughty(jill).

nice(Child) < child(Child),not naughty(Child).
«— nice(Child), naughty(Child).

In rigorous set notation this would look like

Py = {naughty(john)., - naughty(jack)., child(john)., child(jack).,
child(jill)., nice(Child) <« child(Child),not naughty(Child).,
«— nice(Child), naughty(Child).}

which is arguably harder to read, mainly because the meaning of comma is
overloaded.

Often, programs or knowledge bases are used to find an answer to a
particular question. These questions are referred to as queries.

Definition 2.1.5
Let us define a query q as

al, ..., Gm, DOt Ay, ..., DOt ag?

where ay,...,ay are ground classical literals and m > k > 0. Let BT (q) =
{ai,...,am} and B~ (q) = {am+1,-..,ax}.

Example 2.1.5
Here is an example for a query:

nice(jill),not — naughty(jack)?

The DLV system allows some convenient additions to the syntax presented
so far. First, an anonymous variable, denoted by _, can be used, which is
replaced by a unique variable. Second, DLV provides a couple of built-in
predicates. The most important one is inequality and is denoted by <> and
usually written infix, e.g. X <> Y. It holds for any pair of different constants.
DLV also provides numeric constraints, see [104] for details.

This concludes the syntax section, we move on to define a meaning of
these constructs.

2.2 Semantics

In this section, we describe the semantics of consistent Answer Sets, which
has originally been defined in [68] and extends the Stable Model Semantics
as defined in [67] for normal programs and in [108] for disjunctive programs.

Many other semantics have been proposed for (disjunctive) datalog pro-
grams, and even more for normal logic programs. See [65, 88, 95, 38, 39, 16,
17] for overviews and characterizations.



The Answer Set Semantics is defined on ground programs. Therefore
the first issue is transforming a program containing variables into a ground
program. This task is achieved by resorting to standard techniques of math-
ematical logic.

Definition 2.2.1

Given a program P, let Up (the Herbrand Universe) be the set of all con-
stants appearing in P. In case no constant appears in P, an arbitrary
constant x is added to Up.

Given a program P, let Bp (the Herbrand Literal Base) be the set of all
ground atoms constructible from the predicate symbols appearing in P and
the constants of Up, possibly preceded by — .

Given a rule r, Ground(r) (the Ground Instantiation) denotes the set
of rules obtained by applying all possible substitutions ¢ from the variables
in r to elements of Up. In a similar way, given a program P, Ground(P)

denotes the set U Ground(r).
reP

Observe that for propositional programs, P = Ground(P) holds.

For every program P, we define its Answer Sets using its ground instan-
tiation Ground(P) in two steps, following [85]: First we define the answer
sets of positive programs, then we give a reduction of programs contain-
ing negation to positive ones and use it to define answer sets of arbitrary
programs, possibly containing negation as failure.

Definition 2.2.2

An interpretation I C Bp is a set of classical literals from Bp. A consistent?
interpretation X C Bp is called closed under P, where P is a positive
program), if for every r € Ground(P) H(r) N X # 0 whenever B(r) =
Bt(r) € X. A set X C Bp is an answer set for P if it is a minimal set
(w.r.t. set inclusion) that is closed under P.

Example 2.2.1
For the positive program P;

aV-bVec.
the answer sets are {a}, {— b}, and {c} while for the positive program Ps

aV—-bVec.

— a.

only {— b} and {c} are answer sets. Finally, for the positive program Ps

*Note that we only consider consistent answer sets, while in [85] also the inconsistent
set of all possible literals is a valid answer set.



aV-bVec.
«— a.
- b+« c.

c <+ b
the set {— b, c} is the only answer set.

Let us now move on and extend the definition of answer sets also for
programs containing negation as failure literals.

Definition 2.2.3
The reduct or Gelfond-Lifschitz transform of a ground program P w.r.t. a
set X C Bp is the positive ground program PX, obtained from P by

1. deleting all rules r € P for which B~ (r) N X # () holds;
2. deleting the negative body from the remaining rules.

An answer set of a program P is a set X C Bp such that X is an answer
set of Ground(P)X. Let the set of answer sets for a program P be denoted
by AS(P).

Example 2.2.2
Given the program Py

aV—-b«c.
— b < not a,not c.
aVc <« not —b.

and I = {- b}, the reduct P} is

aV-b+c.
- b.

It is easy to see that I is an answer set of P}, and for this reason it is also
an answer set of Py, I € AS(Py).
Now consider J = {a}. The reduct P{ is

aV-b+c.
aVc .

and it can be easily verified that .J is an answer set of Pf, so it is also an
answer set of Py, J € AS(Py).

If, on the other hand, we take K = {c}, the reduct Pf is equal to P{,
but K is not an answer set of P (for the rule ro: aV — b « c. it holds that
B(re) C K, but H(re) N K # ) is violated). Indeed, it can be verified that
I and J are the only answer sets of Py, so AS(Ps) = {{— b}, {a}}.

10



Remark A In some cases, it is possible to emulate disjunction by non-
stratified normal rules. However, this is not possible in general. For example,
consider Ps,

aVb.

and Py

a < not b.
b «+— not a.

Both programs have the same answer sets, namely AS(Ps,) = AS(Psp) =
{{a},{p}}. On the other hand, P,

aVb.
a<+<b.
b« a.

has a single answer set AS(Psq) = {{a,b}}, while Pg

a < not b.
b < not a.
a«b.
b« a.

has no answer set at all (AS(Pgp) = 0). A formal analysis on the relation be-
tween semantics of disjunctive and corresponding non-disjunctive programs
is given in [40], in which the reduction from disjunctive to non-disjunctive
programs is given by “shift-operations”. Indeed, Ps; is obtained from Ps,
and also Pgp, is obtained from Pg, by applying a complete shift as defined in
[40].

On the other hand, classical negation can be emulated by new atoms
and constraints:

Proposition 2.2.1

Given a program P, let P— be P, where each classical literal — a is replaced
by an atom a’, which does not occur in P. Furthermore, for each atom a and
its complementary literal — a in P, let the constraint < a,a’. be contained
in P— . Then AS(P-) = AS(P)’, where AS(P)" denotes AS(P) in which
each classical literal — z is replaced by the corresponding z’.

So far we have not dealt with the question of how to deal with a program
P together with a query q. With queries, there are several modes of rea-
soning: Seen as a decision problem, we ask whether ¢ follows from P, so the
semantics is answering “yes” or “no” to the question posed by the query. In
this setting, usually two variants are considered: brave and cautious reason-
ing. The semantics can also be viewed as a computation problem, in which
the semantics is given by those answer sets of P of which ¢ is a consequence.
In the literature, the focus is on the decision problem variant.
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Definition 2.2.4

Given a program P and a query q, P bravely entails g, written P = ¢,
if ¢ holds in at least one answer set of P, ie. if 3A € AS(P) : BT (q) C
AANB~(¢)NA =0 holds. On the other hand, P cautiously entails ¢, written
P E. q, if q holds in all answer sets of P, i.e. if VA € AS(P) : BT(q) C
AANB™(q)NA=0 holds.

Frequently, we omit the 7 of a query ¢ when we deal with entailment.

Example 2.2.3
Let P7 be the following program:

aVb.
Cc <« a.
c < b.

The answer sets of the problem are AS(P7) = {{a, c},{b, c}}. Now consider
q7a’

a,not b?
and q7p:
c?
The following holds: P7 =b G7a; P7 e G7as P7 Eb G1es P7 Fe qre-
Note that Pincons Fe ¢ holds for any query q if AS(Pincons) = @ holds.

Definition 2.2.5
For the computation problem semantics of a program P and a query q, let

AS((P,q)) ={A| A€ AS(P)ABT(q) CAANB (¢)nA =0}

Example 2.2.4
Reconsider P; and g7, — it is easy to see that AS({P7,q7a)) = {{a,c}}.

Let us note a few properties, which are easy to see, without proof.

Lemma 2.2.1
Given a program P and query q,

o Py qiff [AS((P,q))| > 1,
o Pl q, if AS(P) = AS((P,q)).

We will now reduce the problem of reasoning about queries to the com-
putation of answer sets of programs without a query:

Proposition 2.2.2
Given a program P and a query q of the form ay, ..., ayp,not ag41,...,00t a?,
let Py, be the following program:

12



—notaj. ... < notay <« agpty. ... — a.
and let Py, be
“—aj,...,an, N0t apt1,...,N0t a.
Now, if P' = PUP,, and P" =P U Py, the following statements hold:
1. AS((P,q)) = AS(P")
2. Py qiff |JAS(P)| > 1
3. PlEcqif AS(P") =10
Proof

1. First we note that AS(P’) C AS(P) and AS((P,q)) C AS(P).

sume that A : A € AS((P,q)) holds. By Definition 2.2.5 A € AS(P)
and B*(q) C AAB™(¢)N A = () holds. This means that P'4 does not
contain «— not aj. ... « not ay., and therefore PA = PAand A €
AS(P'"). Now assume that 3A : A € AS(P') holds. a; € A,...,ap € A
must hold, otherwise P’4 would contain a rule « . which is not closed
under any interpretation. Also apr; € A,...,ax € A, otherwise P4
would not be closed in A. Together, BT(¢q) C AAB (¢)NA =10
holds, and so A is an answer set of (P,q). In total, we have proved

AS((P,q)) = AS(P').

2. Follows directly from 1 and Lemma 2.2.1.

3. First let us note that AS(P”) C AS(P). Suppose now P -, g, then
Bf(q) € AV B (¢g) N A # 0 must hold for some A € AS(P). If
B~(q) N A # () then P"4 = P4 and thus A € AS(P"); if, on the other
hand B~ (¢) N A = () and B*(q) € A then P"4 is closed under A,
and A € AS(P"). In total A € AS(P”) holds in any case. Suppose
P . ¢ and AS(P") # 0 hold. Let A € AS(P”) be an arbitrary
answer set of P”. Either {agi1,...,ax} N A # 0 holds, or otherwise
{a1,...,an} € A must hold for P"4 to be closed under A. But then
B*(q) C AANB (q)N A= 0 does not hold for A € AS(P") C AS(P),
and therefore P £, ¢, which is a contradiction to the assumption.

This concludes the proof to 3.
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Chapter 3

Applications — Guess and
Check Paradigm

The core language of DLV can be used to encode problems in a highly declar-
ative fashion, following a “Guess & Check” paradigm. In this section, we
will describe this technique and illustrate how to apply it on a number of
examples. We will see that many problems, also problems of comparatively
high computational complexity (that is, even EQP -complete problems), can
be solved naturally with DLV by using this declarative programming tech-
nique. The power of disjunctive rules allows for expressing problems which
are even more complex than NP uniformly over varying instances of the
problem using a fixed program (i.e., a fixed program containing variables
that works on any input).

Given a set F of facts that specify an instance I of some problem P, a
Guess & Check program P for P consists of the following two parts:

Guessing Part: The guessing part G C P of the program defines the search
space, in a way such that answer sets of G U F| represent “solution
candidates” for I.

Checking Part: The checking part C C P of the program tests whether a
solution candidate is in fact a solution, such that the answer sets of
G UC U Fr represent the solutions for the problem instance I.

In general, we may allow both G and C to be arbitrary collections of rules
in the program, and it may depend on the complexity of the problem which
kind of rules are needed to realize these parts (in particular, the checking
part); we defer this discussion to a later point in this chapter.

Without imposing restrictions on which rules G and C may contain, in
the extremal case we might set G to the full program and let C be empty, i.e.,
all checking is integrated into the guessing part such that solution candidates
are always solutions. However, in general the generation of the search space
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may be guarded by some rules, and such rules might be considered more
appropriately placed in the guessing part than in the checking part. We do
not pursue this issue any further here, and thus also refrain from giving a
formal definition of how to separate a program into a guessing and a checking
part.

For many problems, however, a natural Guess & Check program can be
designed, in which the two parts are clearly identifiable and have a simple
structure:

e The guessing part G consists of a disjunctive rule which “guesses” a
solution candidate S.

e The checking part C consists of integrity constraints which check the
admissibility of S, possibly using auxiliary predicates which are defined
by normal stratified! rules.

Thus, the disjunctive rule defines the search space?, in which rule ap-
plications are branching points, while the integrity constraints prune illegal
branches.

3.1 3-Colorability

As an example which matches this scheme, let us consider the well-known
3-Colorability problem.

Definition 3.1.1 (3COL)
Given a (finite) graph G = (V, E) in the input, assign each node one of three
colors (say, red, green, or blue) such that adjacent nodes v1,ve ((vi,v2) € E)
always have different colors.

3-Colorability is a classical NP-complete problem. Assuming that the set
of nodes V and the set of edges E are specified by means of predicates node
(which is unary, i.e. arity(node) = 1) and edge (binary, i.e. arity(node) =
2), respectively, it can be encoded by the following Guess & Check program
Pscol:

T3co1 : cOL(X,r) V col(X,g) V col(X,b) < node(X). } Guess
C3co1 < edge(X,Y), col(X,C), col(Y,C). }  Check

The first rule, 3.0, nondeterministically guesses color assignments for
the nodes in the graph, and the constraint, cs.,;, ensures that these choices

'For a definition of stratification, see [7].

2As described in Remark A at the end of Section 2.2, in some cases it would be possible
to replace the disjunctive guessing rule by rules with unstratified negation. However, this
is not possible in general. Disjunctive rules also have the advantage of being more compact
and usually also more natural.
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are legal, i.e., that no two nodes which are connected by an edge have the
same color.?

More precisely, let us suppose that the nodes and edges of the graph G
are represented by a set F of facts with predicates node and edge. Then the
“guessing” rule r3.,; above states that every node is colored either red or
green or blue, while the “checking” constraint cs., forbids the assignment
of the same color to two adjacent nodes. The answer sets of F U {rs.,} are
all possible ways of coloring the graph. Note that minimality of answer sets
guarantees that every node has only one color.

If an answer set of F U {r3.y} satisfies the constraint cs.,, then it rep-
resents an admissible 3-coloring of the graph. There is in fact a one-to-one
correspondence between the solutions of the 3-coloring problem and the an-
swer sets of F U {7scol, C3co1}- The graph is thus 3-colorable if and only
if F U {rscol, C3co} has some answer set, and each of the answer sets of
F U {rscol, C3co1} Tepresents a (distinct) legal 3-coloring of G.

3.2 Hamiltonian Path

Let us consider next another classical NP-complete problem in graph theory,
namely Hamiltonian Path.

Definition 3.2.1 (HAMPATH)

Given a directed graph G = (V,E) and a node a € V of this graph, does
there exist a path of G starting at a and passing through each node in V
exactly once?

Suppose that the graph G is specified by using predicates node (unary)
and arc (binary), and the starting node is specified by the predicate start
(unary). Then, the following Guess & Check program Pp,, solves the problem
HPATH.

inPath(X,Y) V outPath(X,Y) « arc(X, Y). } Guess

)
— inPath(X,Y), inPath(X, Y1),Y <> Y1.
— inPath(X,Y), inPath(X1,Y),X <> X1. » Constraints

— node(X),not reached(X). Check
reached(X) < start(X). Auxiliary
reached(X) < reached(Y), inPath(Y,X). [ Predicate

The first rule guesses a subset S of all given arcs to be in the path,
while the rest of the program checks whether that subset S constitutes a
Hamiltonian Path. Here, the checking part C uses an auxiliary predicate
reached, which is defined using positive recursion.

3In this example, we assume that G contains no loops, i.e., edges from a node to itself.
Such loops can be easily handled by adding X <> Y to ¢3cor-
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In particular, the first two constraints in C check whether the set of arcs S
selected by inPath meets the following requirements, which any Hamiltonian
Path must satisfy: There must not be two arcs starting at the same node,
and there must not be two arcs ending in the same node.

The two rules after the constraints define the reachability relation from
the starting node with respect to the set of arcs S. This relation is used in
the third constraint, which enforces that all nodes in the graph are reached
from the starting node in the subgraph induced by S. This constraint also
ensures that this subgraph is connected.

It is easy to see that any set of arcs S which satisfies all three constraints
must contain the arcs of a path p = vg, vy, ..., v, in G that starts at node a,
and passes through distinct nodes until no further node is left, or it arrives
at the starting node a again. In the latter case, this means that the path is
a Hamiltonian Cycle, and by dropping the last arc, we have a Hamiltonian
Path.

Thus, given a set of facts F for node, arc, and start which specify the
problem input, the program Py, U F has an answer set if and only if the
input graph has a Hamiltonian Path.

We remark that if we want to compute a Hamiltonian Path rather than
only answering whether such a path exists, we can strip off the last arc from a
Hamiltonian Cycle by adding a further constraint < start(Y), inPath(_,Y).
to the program. Then, the set S of selected arcs in an answer set of Py, UF
constitutes a Hamiltonian Path starting at a.

3.3 3-Satisfiability

Satisfiability, and in particular 3-Satisfiability, is one of the best researched
problems in Al and generally used for solving many other problems by trans-
lating them to 3SAT, solving the 3SAT problem and transforming the solu-
tion back to the original domain:

Let ® be a propositional formula in conjunctive normal form (CNF)
® = A\iL(diq1 Vdi2Vd;3) where the d; ; are literals over the proposi-
tional variables x1,...,ZTy.

® is satisfiable, iff there exists a consistent conjunction I of literals
such that I = ® (see e.g. [101] for a complete definition).

3SAT is a classical NP-complete problem and can be easily represented
in our formalism as follows:

For every propositional variable z; (1 < i < m), we add the following
rule which ensures that we either assume that variable x; or its complement
nx; true.

x; Vnx;.
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The set of all such rules constitutes the guessing part of 3SAT.
For each clause d; V...V ds in ® we add the constraint

—mnotdy,...,not ds.

where d; (1 < i < 3) is x; if d; is a positive literal x;, and nx; if d;
is a negative literal not x;. The checking part consists exactly of these
constraints.

3.4 Strategic Companies

The problems considered so far are popular examples of NP-complete prob-
lems. We next show that also harder problems, located at the second level of
the polynomial hierarchy, can be encoded by the Guess & Check technique.
To this end, we consider the following problem Strategic Companies.

Definition 3.4.1 (STRATCOMP [24])

Given the collection C = {c1,...,cy} of companies ¢; owned by a holding,
the set G = {g1,...,gn} of goods, and for each ¢; a set G; C G of goods
produced by ¢;, and a set O; C C' of companies controlling (owning) c;.
This control can be thought of as a majority in shares; companies not in
C, which we do not model here, might have shares in companies as well.
O, is referred to as controlling set of ¢;. Note that, in general, a company
might have more than one controlling set, and only irredundant controlling
sets (i.e., no proper subset is a controlling set) are recorded then. Let the
holding produce all goods in G, i.e. G = cc Gi-

A subset of the companies C' C C' is a production-preserving set if the
following conditions hold: (1) The companies in C' produce all goods in G,
ie., Uecr Gi = G. (2) The companies in C' are closed under the controlling
relation, i.e. if O; C C' for some i = 1,...,m then ¢; € C' must hold.

A subset-minimal set C’, which is production-preserving, is called a
strategic set. A company c¢; € C is called strategic, if it belongs to some
strategic set of C.

Computing the set of all strategic companies is relevant when companies
should be sold, as selling any company which is strategic would for sure lead
to a violation of any of conditions (1) and (2). This problem is ¥¥-hard in
general [24]; reformulated as a decision problem (“Given a particular com-
pany c in the input, is ¢ strategic?”), it is 25 -complete. To our knowledge, it
is one of the rare KR problems from the business domain of this complexity
that have been considered so far.

In the following, we adopt the setting from [24] where each product is
produced by at most two companies (for each g € G |{¢; | g € G;}| < 2)
and each company is jointly controlled by at most three other companies,
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i.e. |O;] <3 fori=1,...,m (in this case, the problem is still ¥&-hard).
Assume that F for a given instance of STRATCOMP contains the following
facts:

e company(c) for each c € C

e prod.by(g,cj,cx) if {¢; | g € Gi} = {¢j,cx} and ¢;#cy
prod-by(g,c;, ¢;) if {c; [ g € Gi} = {¢;}

e contr by(c;, ck, Cm, ) if ¢; € C and O; = {cg, cm, cn} and ey #cm #cp
contr_by(c;, Ck, Cm, cm) if ¢; € C and O; = {c, e} and cx # e,
contr_by(c;, ¢k, ek, i) if ¢; € C and O; = {ci}

We next present a program, Pgirqi1, Which solves the complex problem
STRATCOMP in a surprisingly elegant way by only two rules:

rs1: strat(Y)V strat(Z) < prod.by(X,Y,Z). }Guess

strat(W) « contr_by(W,X,Y,Z),

2 strat(X), strat(Y), strat(Z).

} “Check”

Here strat(X) means that company X is a strategic company. The guess-
ing part G of the program consists of the disjunctive rule r4, and the check-
ing part C consists of the normal rule rgs. The program Pgirqt1 exploits the
minimization which is inherent to the semantics of answer sets for the check
whether a candidate set C’ of companies that produces all goods and obeys
company control is also minimal with respect to this property.

The guessing rule 74 intuitively selects one of the companies ¢y and
co that produce some item g, which is described by prod by(g, c1,cs). If
there were no company control information, minimality of answer sets would
then naturally ensure that the answer sets of F U {rs} correspond to the
strategic sets; no further checking would be needed. However, in case such
control information (given by facts contr_by(c,cy, ca,c3)) is available, the
rule r4o in the program checks that no company is sold that would be con-
trolled by other companies in the strategic set, by simply requesting that
this company must be strategic as well. The minimality of the strategic sets
is automatically ensured by the minimality of answer sets.

Proposition 3.4.1

The answer sets of Psrat1 UF correspond one-to-one to the strategic sets of
the holding described in F. Thus, a company c is strategic if strat(c) is a
brave consequence, i.e. Pgirqi1 UF =y strat(c) holds (see Definition 2.2.4).

2

An important note here is that the checking “constraint” rgo interferes
with the guessing rule rg1: applying rgo may “spoil” the minimal answer set
generated by rule rg. For example, suppose the guessing part gives rise to
a ground rule 741
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strat(cl) V strat(c2) < prod_by(g,cl,c2).

and the fact prod_by(g, c1,c2) is given in F. Now suppose the rule is sat-
isfied in the guessing part by making strat(cl) true. If, however, in the
checking part an instance of rule 79 is applied which derives strat(c2), then
the application of the rule r44; to derive strat(c1) is invalidated, as the min-
imality of answer sets implies that not both strat(cl) and strat(c2) can
be derived from 747.

“Feedback” or “influence” of the checking part C on the guessing part
G, in terms of literals which are derived in C and invalidate the application
of rules in G or make further rules in G applicable (and thus change the
guess), can be made precise in terms of a “potentially uses” relation [44,
56] and a “splitting set” [83]. Such interference is in fact needed to solve
STRATCOMP in the way we have outlined, if C does not contain disjunctive
rules. This follows from complexity considerations: If C had no influence on
G (augmented by F), then the answer sets of G UC U F would just be the
answers sets of C U Ag, where Ag is an answer set of G U F. Furthermore,
if C contains no disjunctive rule and G has complexity in NP (e.g., if G
is, as in this case, head-cycle-free [11]), along with Ay an answer set A of
CUA( can be guessed and both Ag and A can be verified in polynomial time.
The complexity of deciding whether an atom belongs to some answer set of
such a feedback-free program is thus in NP. Now we recall that a particular
company is strategic iff it belongs to some strategic set, and deciding this
is a 25 -complete problem. Unless ¥4 = NP, a hypothesis that is widely
believed to be false, we can thus conclude that it is impossible to solve the
STRATCOMP problem by a program whose answer sets correspond to the
strategic sets, but in which C has no influence on G.

In general, if a program encodes a problem that is 22P -complete, then the
checking part C must contain disjunctive rules unless C has influence on the
guessing part G (or G has ¥¥-complexity). In particular, if the above pro-
gram Pgyrqe1 is rewritten to eliminate such influence, then further disjunctive
rules must be added. This is exemplified by the following program Psipqt2,
which expresses the strategic sets in the generic Guess & Check-paradigm,
where the guessing and the checking part are clearly separated:

strat(X) V - strat(X) < company(X). } Guess

— prod_by(X,Y,Z),not strat(Y),not strat(Z).

— contr by(W,X,Y,Z), strat(X), strat(Y), strat(Z),not strat(W).

min(X) V strat1(X,Y) V strat1(X,Z) < prod_by(G,Y,Z), strat(X).

min(X) V strat1(X,C) < contr_by(C,W,Y,Z), strat(X),
strat1(X,W),strat1(X,Y),strat1(X,2). , Check

strat1(X,Y) < min(X), strat(X), strat(Y),X <> Y.

— strat(X),not min(X).

— strat1(X,Y), — strat(Y).

— strat1(X,X).
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Recall that company(X), which does not occur in Pgirqi1, means that X
is a company. The guessing rule selects a subset C’ C C of the companies
that serves as a candidate strategic set. The checking part of Pgsrqto is far
more complicated than in the previous examples. The first two constraints
ensure that C” is “production-preserving” as defined in Definition 3.4.1, i.e.
that all goods can be produced and that C’ is closed under the company
control relation.

The remaining part of the program then checks for the minimality of C’.
The principal idea is trying to find a subset C? C C"\ {c} such that C? is
production-preserving. If such a C? exists, then C’ is not a strategic set. In
this case, min(c) cannot be derived. On the other hand, if C does not exist
for some c, then min(c) will be derived. Only if min(d) is derived for each
d e C', no C? exists and therefore C’ is minimal, and only in this case the
check succeeds.

Note that the checking part of Pgsrqt2 contains disjunctive rules. As we
have discussed above, this is actually necessary given the one-way relation-
ship of the guessing and the checking parts in Pgipqro-

Proposition 3.4.2

The answer sets of Pstraro U F correspond one-to-one to the strategic sets
of the holding described in F. So, as in Proposition 3.4.1, a company c is
strategic if strat(c) is a brave consequence, i.e. Psrqu1 U F |y strat(c)
holds.

Proof It is easy to see that the answer sets of the guessing part G of
Pstratz correspond (one-to-one) to all C’ C C, more precisely, C' = {c |
strat(c) € A} for exactly one A € AS(G U F), and conversely, each A €
AS(G U F) corresponds to exactly one C'.

Let Cq consist of the first two constraints in Pgpqta:

«— prod_by(X,Y,Z),not strat(Y),not strat(Z).
«— contr by(W,X,Y,Z), strat(X), strat(Y), strat(Z),not strat(W).

It is straightforward to see that C; admits only production-preserving
sets C' C C, so there is a ono-to-one correspondence between production-
preserving sets and answer sets of C1 UG U F.

Among the production-preserving sets, only subset-minimal sets are strate-
gic sets. More precisely, if for a production-preserving set C' a set C? C
C"\ {c} exists for some ¢ € C’ such that C? is production-preserving, then
C’ violates this minimality criterion.

We will proceed as follows: We will show that for any production-
preserving C' C C, if such a C? exists, then no answer set A € AS(Pstrar2 U
F) exists such that C' = {c | strat(c) € A}, while if such a C! does
not exist, then a unique answer set A € AS(Psirarz U F) exists such that
C" ={c | strat(c) € A}
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First, let us consider the case in which a C? exists (and thus C’ is not
a strategic set). We will show that in this case no A with min(c) € A and
C" = {c | strat(c) € A} can be an answer set of Psyare U F, as A would
not be a minimal answer set of (Psyrar2 U F )A. On the other hand, we will
show that no A with min(c) ¢ A and C’ = {c | strat(c) € A} can be an
answer set either.

Let us assume first that min(c) € A holds. Then also stratl(c,z) € A
for each z € C"\ {c} because of rule instances of the form

strati(c,x) < min(c), strat(c), strat(z),c <> x.

We will next show that A’ = A\ ({min(c)} U {strati(c,z) |z € C\ C!})
satisfies all rules in (Psirare UF)? provided that A satisfies them. Only rules
in which atoms from A\ A’ occur in the head need to be considered, as
« strat(c),not min(c). € (Pstrarz U F)? holds.

For rule instances of the form

min(c) V strati(c,z) V strati(c,y) < prod by(g, =, y), strat(c).

for which the body is true in A, at least one of the companies x,y is in C?
(otherwise C” would not be production-preserving), and therefore the rule
is satisfied in A’.

For rule instances of the form

min(c) V strati(c,v) « contr by(v,w,z,y),strat(c),
stratl(c,w), strati(c,z), strati(c,y).

for which the body is true in A, either all w,x,y are in C?, then also v €
C? (otherwise C? would not be production-preserving), hence the rule is
satisfied also in A’; or if not all w,z,y are in C?, the body is not true in A’,
also satisfying the rule.

Finally, rule instances of the form

strati(c,x) < min(c), strat(c), strat(z),c <> x.

for which the body is true in A, have a false body in A’, satisfying these
rules.

We have shown that whenever min(c) € A holds such that ¢/ = {c |
strat(c) € A}, a smaller A’ exists which satisfies all rules in (Psgrar2 UF)4,
so such an A cannot be an answer set of Pgirei2 U F. On the other hand, if
min(c) € A holds and C" = {c | strat(c) € A}, then A does not satisfy the
constraint

— strat(c),not min(c).

and hence such an A cannot be an answer set of Pgpraro U F either. In total
we have that no answer set A exists such that C’ = {c | strat(c) € A}, if
some C? is a production-preserving set.
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Now assume that a production-preserving C” does not exist for any
c € C, which means that C’ is a strategic set. We will show that A = {f |
f-e FU{strat(x) |z € C'} U{-strat(z) |z € C\ C'} U {min(x) | z €
C'} U {strati(c,x) | z € C"\ {c}} is an answer set of Pgrqi2 UF, ie., (i)
A satisfies all rules of Pggrar2 U F (and thus of (Psirato U F)A) and (i) no
subset of A satisfies all rules of (Pyirare U F)4.

Concerning (i), the instances of the guessing rules are clearly satisfied
and instances of the first two constraints in the check are satisfied because
(' is production-preserving. Instances of the two rules with min(X) in their
heads and strat(X) in their bodies are satisfied because min(z) € A holds
for z € C' and strat(z) ¢ A holds for x € C'\ C’. Finally, the instances
of the rule with strat1(X,Y) and the instances of the last three constraints
are satisfied by the construction of A.

To see (ii), observe that {f | f. € F}, {strat(z) | z € C'}, and
{— strat(z) | € C'\ C'} cannot be omitted from A, as either the facts
in F or instances of the guessing rule could not be satisfied any more.
Furthermore, {min(z) | * € C’} must be in A, otherwise instances of
«— strat(c),not min(c). could not be satisfied. Finally, {stratl(c,z) |z €
C’\ {c}} must be included in A in order to satisfy instances of the last rule.

In total, we have shown that an answer set A exists if no C? exists. It
straightforward to see that this A is the unique answer set, since starting
from {strat(z) | z € C'}, all atoms in A are necessarily contained in any
answer set, as shown for (ii) above. Since A is an answer set, no superset of
A can be an answer set, and so A is unique, which concludes our proof. O

Note that STRATCOMP can not be expressed by a fixed normal logic
program uniformly on all collections of facts contr by(c,cl,c2,c3) and
prod by(p, c1,c2) (unless NP = ¥ an unlikely scenario).

Further examples of programs in which the checking part necessarily
contains disjunctive rules can be found in [56].

An interesting issue for future work is finding a general methodology of
creating Guess & Check-programs for problems in 4. This methodology
could start from a formulation in second order logic. In general, such Guess
& Check-programs must contain a means to derive some atoms (min(c) in
Pstrat2) in order to represent some property of a candidate. If some candidate
does not have the required property, then it must be a proper subset of all
candidates having the property. So in general a “saturation rule” is needed,
which ensures this superset relationship (in Pgyrqio this saturation rule is
strat1(X,Y) < min(X), strat(X), strat(Y),X <> Y.).
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Chapter 4

System Architecture

In this chapter, we describe the general architecture of the ASP system DLV.
While DLV’s principal language is the one defined in Chapter 2, DLV has been
enhanced by several high-level extensions and front-ends, which will be de-
scribed in Part II. Even parts of the core language are implemented by
means of front-ends, exploiting Proposition 2.2.1 and Proposition 2.2.2. Be-
cause of these results, it is sufficient to deal with programs without classical
negation in the DLV kernel, and also queries are not dealt with there.

Figure 4.1 on the following page illustrates DLV’s general architecture.
The general flow in this illustration is top-down. The principal “User Inter-
face” is command-line oriented, but also a Graphical User Interface (GUI)
for Answer Sets and most front-ends is available as well. Subsequently,
front-end transformations (also combinations are feasible) might be per-
formed. Input data can be supplied by regular files, and also by Oracle or
Objectivity databases. Each time an answer set is found by the DLV kernel
(the shaded part in the figure), “Filtering” is invoked, which performs post-
processing (dependent on the active front-ends) and controls continuation
or abortion of the computation.

The DLV kernel consists of three major components: The “Intelligent
Grounding,” “Model Generator,” and “Model Checker” modules share a
principal datastructure, the “Ground Program”. It is created by the “In-
telligent Grounding”, and used by the “Model Generator” and the “Model
Checker.” In general, the “Intelligent Grounding” does not create the full
ground program Ground(P) as defined in Definition 2.2.1, but Pyround €
Ground(P) such that AS(Pground) = AS(Ground(P)). Details on this
module can be found in [1, 64]. The “Model Generator” creates candi-
date answer sets, and will be described in detail in Chapter 5. Finally, the
“Model Checker” tests the stability, and most importantly the minimality
of the generated candidates. Details on this component can be found in [76].
The whole system is described also in [104].

Ideally, the performance of a system reflects the complexity of the prob-
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Figure 4.1: The System Architecture of DLV

lem at hand, such that “easy” problems (say, some of polynomial complexity,
which are recognizable with reasonable efforts) are solved fast, while more
time is spent for more difficult problems (like NP-hard problems), and in-
deed the DLV system is designed in this direction. For example, stratified
normal programs (which have polynomial complexity) are evaluated fast us-
ing techniques from the fields of deductive databases and logic programming.
Note that in general, that is without considering syntactical restrictions, it is
impossible to detect whether a program uniformly encodes an “easy” (even
trivial) problem, since this task is clearly undecidable.

The architecture of the DLV kernel closely reflects complexity results
for various subsets of our language: As mentioned before, the Intelligent
Grounding (IG) module is able to completely solve many problems of poly-
nomial complexity, and in particular all normal stratified programs; the
Model Generator (together with the Grounding) is capable of solving NP-
hard problems; finally, adding the Model Checker is needed to solve 25 -hard
problems.

Upon startup, the DLV kernel or one of the front-ends parses the input
specified by the user and transforms it into the internal data structures of
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DLV. In both cases, this takes only linear time and memory in the input size.

Using differential (and other advanced) database techniques together
with suitable data structures, the Intelligent Grounding module then effi-
ciently generates a subset of the ground instantiation of that input which
has the same answer sets, but is much smaller in general. For example,
in case of a stratified program, the IG module already computes the single
answer set.

For harder problems, most of the computation is performed by the Model
Generator and the Model Checker. Roughly, the Model Generator (MG)
produces some “candidate” answer sets (models). The stability of each of
them is subsequently verified by the Model Checker.

The Model Checker (MC) verifies whether the model at hand is an answer
set. This task is very hard in general, because checking the stability of
a model is well-known to be co-NP-complete (cf. [56]). However, recent
studies [11, 12, 81] showed that minimal model checking — the hardest part
of answer set (or stable model) checking — can be efficiently performed for
the relevant class of head-cycle-free (HCF) programs [11].

The MC satisfies the above complexity bounds. Indeed (a) it termi-
nates in polynomial time on every HCF program; and (b) it always runs in
polynomial space and single exponential time. Moreover, even on general
(non-HCF) programs, the MC limits the inefficient part of the computation
to the modules that are not HCF. Note that it may well happen that only
a very small part of the program is not HCF.

We do not give a detailed description of the various components here,
except for the “Model Generator”, which will be dealt with in detail in the
following chapter. For the other modules, we refer to [104].
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Chapter 5

Model Generation

In this chapter, we will describe the Model Generator (MG) module of the
DLV system in full detail. After an overview of the general design of MG,
we focus on the two key parts, computing deterministic consequences and
choice, concluding with an experimental analysis of various choice heuristics
and optimizations.

5.1 General Design

In this section, we briefly review the model generation algorithm of the
DLV system. The Model Generator (MG) produces a set of interpretations
that are “candidates” for answer sets, which are then submitted to the
Model Checker for verification. The Model Generator essentially relies on
a backtracking technique which spans the search space for computing all
answer sets, based on the Davis-Putnam-Logemann-Loveland procedure [33,
32] for computing models which satisfy a propositional formula. It employs
a number of techniques for pruning the search space, and makes use of
sophisticated data structures in order to improve the overall efficiency.
During the computation, we deal with four-valued interpretations, which
we will refer to as partial' interpretations, as opposed to total interpreta-
tions as defined in Chapter 2. We consider the following truth values: true
(T'), must-be-true (M or mbt), undefined (U ), and false (F'). The effect of
negation as failure on these truth values is given by the following table:

T |notzx
T F
M| F
U U
F T

!Note that in the literature partial interpretations are usually three-valued, without
the must-be-true value.
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We associate the total ordering T' > M > U > F to the truth values, this
ordering is called the truth-ordering. The partial order < on the four truth
values is defined through the following relationships: U < F, U < M, U <
T, and M =< T; moreover, X < X for any X € {F,U, M,T}. This partial
order is called the knowledge ordering. The two orderings are illustrated in
Figure 5.1.

T
M T
|
U M F
N
F U

Figure 5.1: Truth Ordering (left) and Knowledge Ordering (right)

Definition 5.1.1

A partial interpretation T for P is a total mapping from Bp to{T,M,U, F'}.
We will use a functional notation Z(p) = V to denote that p € baseP is
mapped to the truth-value V by L. We will also employ a set-based notation

I={p—-V|I(p) =V #U}

for 7, in which undefined classical literals are not explicitly represented.
Such a partial interpretation can also be seen as inducing four partitions
of Bp. We will denote these partitions as

' = {a|la—TecT}
™ = {a|a— MeI}
7V = {a|la—UcT}
¥ = {a|la—FeI}

Note that 7, 7™, 7V, IV are pairwise disjoint sets.
We next define several valuation functions.

Definition 5.1.2

Given a partial interpretation Z for P, the valuation function valz() is de-
fined as follows: For any atom p € Bp, valz(p) = Z(p), and valz(not p) =
not valz(p). For a set S of literals, we define its valuation function vall (S)
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(if S is to be interpreted as a disjunction as in the head of a rule) and
valZ(8) (if S is to be interpreted as a conjunction as in the body of a rule):

F if S=10

H _
valy (8) = maxpesvalz(p) if S #0
’UallB(S) _ T lf S - @

min,egvalz(p) if S #0

So valf (S) is F if S is empty or if all elements in S are F. val!(S) is
U if at least one element in S is U and none is T or M. val¥(S) is M if at
least one element in S is M and none is 7. Finally valZ (S) is T if at least
one element in S is 7.

Symmetrically, valZ(S) is T if S is empty or if all elements in S are T,
it is M if at least one element in S is M and none is U or F, it is U if at
least one element in S is U and none is F', and finally it is F' if at least one
element is F'.

We will next define the notion of satisfaction for ground rules with re-
spect to partial interpretations.

Definition 5.1.3
A ground rule r is satisfied w.r.t. Z if the truth value of its head is not less
than the truth value of its body, i.e. vall (H(r)) > val2(B(r)).

Basically, the MG works as follows: (1) Derive what is deterministi-
cally derivable from the program, (2) make an “educated” guess for one of
those literals which have not been decided yet, and (3) propagate the conse-
quences of this choice. To formalize what we have called “educated guess”,
we introduce the concept of a possibly-true (PT) literal:

Definition 5.1.4
Let Z be a partial interpretation for P.

A positive PT literal of P w.r.t. Z is a positive literal p such that U <
Z(p) < M and there exists a rule r € Ground(P) for which all of the
following conditions hold:

1. pe H(r);
2. vald (H(r)) < T (i.e., the head is not true w.r.t. I);
3. val2(B(r)) =T (i.e., the body is true w.r.t. Z).

A negative PT literal of P w.r.t. T is an undefined negative literal not q
such that there exists a rule r € Ground(P) for which all of the following
conditions hold:

1. not q € B(r);
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2. val (H(r)) < T (i.e., the head is not true w.r.t. I);
3. val2(B*(r)) =T (i.e., the body is true w.r.t. I).
4. val2(B~(r)) < U (i.e., no negative body literal is false w.r.t. Z).

The set of all (positive and negative) PT literals of P w.r.t. Z is denoted
by PTp(Z).

Example 5.1.1

Consider the program Pg = {a Vb « c,not d.,e « c,not f.} and let ZTg =
{c = T,d — F} be an interpretation for Ps. Then, three PT literals of Pg
exist w.r.t. Zg: a, b and not f.

Backtracking DetCons |~ o
L PP i ,,,,,,,,,,, ,

Model Check
Output

l yes l
Exit Choice ,”,,,,,_3

Figure 5.2: Model Generator — Basic Structure

inconsistency

empty

stack PTs exist ~--

The architecture of the Model Generator is illustrated in Figure 5.2. The
solid arcs represent flow control, while the dashed arcs represent data ac-
cess and manipulation. The principal datastructures are “Linear Datastruc-
tures” which represent the ground program and a current partial interpre-
tation using similar techniques as in the Dowling-Gallier algorithm [41, 96].
The stack can store PT literals and states of the “Linear Datastructures”
(using differential methods).

Initially, the “Linear Datastructures” are built and initialized (the initial
partial interpretation maps all atoms to U). Then DetCons is invoked and
derives atoms which are contained in each answer set of the input program.
Note that DetCons is also used to detect inconsistencies, i.e. the situations
in which no answer set is an extension of the current partial interpretation.
If such an inconsistency is determined, “Backtracking” is invoked, which
immediately leads to “Exit” if no choices had been taken so far, as the
“Stack” is empty in this case.

If initially no inconsistency has been detected by DetCons, then some
answer set might be among the extensions of the current partial interpre-
tation. We then compute the set of PT literals. If this set is not empty,
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one of them is chosen by the module “Choice”, it is pushed onto the stack
together with the current status of the relevant datastructures, and the cur-
rent partial interpretation is modified to valuate the chosen literal to T" by
mapping it to T if it is a positive PT literal or to F' if it is a negative PT
literal. Subsequently, the process is started from the beginning by invoking
DetCons.

If, however, the set of PT literals is empty, then at most one answer
set (the totalization in which all undefined atoms are turned into false) is
an extension of the current partial interpretation. In this case, this answer
set candidate is submitted to the Model Checker, which delivers the answer
set to “Filtering” and “Output” upon success (see Figure 4.1 on page 25).
Subsequently, if the Model Check did not succeed or if more answer sets are
to be computed, “Backtracking” is invoked. If the stack is not empty, then
the topmost element is popped, and all datastructures are restored to the
status before the choice of the popped element and the partial interpretation
is modified to associate an inverse truth value of the popped element, and
DetCons is invoked again.

The actual algorithm for computing answer sets is presented in Fig-
ure 5.3. There, isAnswerSet is a function which implements the Model
Checker module. For details on the basic Model Generator architecture (in
particular on the notion of PT literals and for correctness analyses) we refer
to [81, 57, 59, 104].

In the sequel, we will focus on the DetCons and “Choice” modules, as
they are most critical to performance. We will define a powerful DetCons
procedure and complement it with suitable heuristics. Finally, experimental
analyzes show the effectiveness of our approach.

5.2 Deterministic Consequences

In this section, we describe the function DetCons which, given a ground pro-
gram P and a four-valued interpretation Z, derives certain knowledge con-
cerning the literals which are still undefined in Z. In other words, DetCons
extends the interpretation Z in a deterministic way, such that every answer
set containing 7 also contains its extension computed by DetCons. This
function is used in the DLV system in two ways: First, it is called at the
very beginning of the computation (with () as the interpretation), in order
to derive literals which belong to all answer sets. Later, each time an as-
sumption has been made, DetCons is invoked in order to derive what follows
from it. Thus, DetCons is crucial for the efficiency of the system: the larger
the interpretation it derives, the smaller the remaining search space. We
will proceed by first giving a formal definition of the concepts and operators
employed in DetCons, and subsequently we will present the actual algorithm
which is used in DLV.

31



Algorithm ComputeAnswerSets
Input: A ground DLP program P.
Output: The answer sets of P (if some exist).

Procedure ComputeAnswerSets(Z: Interpretation)
(* The procedure outputs all answer sets of P *)
var @Q: SetOfLiterals; L: Literal;

1) DetCons(P,Z,contradiction);

(
(2) if contradiction then exit procedure;
(3) if (PTp(Z) = 0) then (* TV UZ™ is a model of P *)
(4) if (M = 0) and isAnswerSet(P, T*) then
(5) output Z7; (* 77 is an answer set *)
else
(6) Take a literal L from PTp(Z);
(* Assume the truth of a PT literal *)
(7) if L is a negative literal not p then
(3) I(p) = F;
else (* L is a positive literal *)
(9) (1) =T
(10) ComputeAnswerSets(T);

(* At this point all answer sets containing Z U {L} have been generated *)
(* L must be false in following computations *)

(11) if L is a negative literal not p then
(12) I(p) = M;
else
(13) I(L) = F;
(14) ComputeAnswerSets(T);

end_procedure

var Z: Interpretation;

begin  (* Main *)
IT =0, IF =0, M .= 0; IV := Bp;
ComputeAnswerSets(T);

end.

Figure 5.3: Algorithm for the Computation of Answer Sets

5.2.1 Basic Concepts

Let us first formalize the notion of a partial interpretation extending another
one. Informally, true atoms which are true in some interpretations, should
also be true in extending interpretations. Likewise, false atoms should re-
main false, and must-be-true atoms should either be still must-be-true or
should have become true.

Definition 5.2.1
Given a partial interpretation T, we define the set of partial interpretations
J extending I as

ext(I) = {J | is a partial interpretation, 7* 2 7, 7Mugt > ™, g" > 1}
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Intuitively, all partial interpretations in ext(Z) represent more or equally
concrete knowledge than Z does.

Next, we define a connection from partial interpretations to total inter-
pretations as defined in Chapter 2, called totalizations. True and must-be-
true atoms must be contained in all totalizations, while false atoms must
not be contained in any totalization. The connection in the other direction
is achieved by simply mapping atoms contained in the total interpretation
to T" and those which do not occur in it to F":

Definition 5.2.2
Let P be a ground program, I a partial interpretation, and I a total inter-
pretation. We define:

totalp(Z) ={I | I C Bp NIT' UIM CIANTF NI =0}

partialp(I) ={a — T |a€l}U{a— F|a€c Bp\ I}

Intuitively, the truth value M is assigned to atoms that cannot be derived
from any program rule at the current computation step, but must eventually
be true in the answer set to be computed. These atoms are not immediately
taken as true in order to guarantee the “supportedness” of the interpretation
at hand. This is a main peculiarity of answer sets w.r.t. ordinary models:
Any atom a belonging to an answer set of P has a rule which supports a.
Formally, a is contained in an answer set S if and only if there exists a
rule r € P such that a € H(r), H(r) \ {a} is false w.r.t. S, and B(r) is
true w.r.t. S\ {a}. Thus, enforcing supportedness is a principal difference
between DLP systems and satisfiability solvers (like, e.g., the Davis-Putnam
procedure).

Let us formalize the notion of supportedness.

Definition 5.2.3
Given a ground program P, a ground atom a, a total interpretation I and a
partial interpretation Z, let

suppp(a,I) ={rePlac Hr)AN(Hr)\{a})NI=0AB*(r)C T
AB~(r)N 1 =0}

suppp(a,T) = {r € P| a € H(r) A (¥p € H(r) \ {a} : Z(p) = F)
A(Vp € B¥(r) : Z(p) = T) N (Vp € B~ (r) : Z(p) = F')}

denote the sets of supporting rules for a w.r.t. I and Z, respectively.

We now state two properties connecting total and partial interpretations.
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Proposition 5.2.1
Given a ground program P, a total interpretation I, a partial interpretation
Z, and a ground atom a € Bp, the following statements hold:

suppp(a,I) = suppp(a,partialp(I))  (5.1)
VI € totalp(Z) : suppp(a,Z) C suppp(a,l) (5.2)

Proof

5.1 For each r € suppp(a,I) by definition of partialp(I):

1. (Hr)\{a}h)nI=0iff Vpe H(r)\{a}:p— F € partialp(I)
2. Bf(r)CIifftVpe H(r):p— T € partialp(I)
3. B (rynI=0iff Vpe B~ (r) : p — F € partialp(I)

5.2 We show that each rule in suppp(a,Z) also occurs in all suppp(a,I),
where I € totalp(Z).

1. IfVp € H(r)\ {a} : Z(p) = F then Vp € H(r)\ {a} : p & I for
each I € totalp(Z) and consequently (H(r)\ {a}) NI = 0.

2. If Yp € B¥(r) : Z(p) = T then Vp € BT(r) : p € I for each
I € totalp(Z) and consequently Bt (r) C I.

)
3. If Vp € B~ (r) : ()—FtheanGB(r) p & I for each
I € totalp(Z) and consequently B~ (r) N1 =

Example 5.2.1
Let P35 consist of the single rule rs:

aVb+« c,notd.

Consider the total interpretation I3 = {a,c}:

SuUppps (a) I3.1) — {Tg}
partialp,(Is1) ={a — T, b — F,c - T,d — F}

suppp,(a, partialp,(13.1)) = {rs3}

Now consider the partial interpretation Zso = {a — T,b — F,c — T,d —
U}:

suppp,(a,I3.2) =

tOtalps(Ig 2) = {{a C} I3, {a C d} = 13,3}

suppp,(a, Is.1) = {7“3} > suppp,(a,Z3.2)

suppps(a, I33) = 0 = suppp,(a,Z3.2)
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We now show that each atom in an answer set must have a non-empty set
of support w.r.t. the answer set, which is a well-known property of answer
sets.

Proposition 5.2.2
Given a ground program P, the following statement holds:

VA e AS(P) :Va € A : suppp(a, A) # ()

Proof  Assume that A € AS(P) exists such that Ja € A : suppp(a, A) =
0. If A is not closed under P4, A ¢ AS(P), directly contradicting the
assumption. If A is closed under P4, we show that A\ {a} is closed under
PA, contradicting the minimality requirement of Definition 2.2.2, and thus
contradicting the assumption A € AS(P).

Recall that if A is closed under P4, then for each r € P4 either B*(r) €
Aor Hir)ynA#0. If BY(r) € A holds, then also BY(r) € A\ {a} holds.
If Hir)NA# @ and BT (r) C A, let us distinguish two cases:

a g H(r): Then H(r)N(A\ {a}) # 0 holds.

a € H(r): Since suppp(a,A) = 0 holds by assumption, [Ar; € P : a €
H(ri) A (H(ri)\{a}) NA=0ABY(r;) CAANB (r1)NA =0, so
Ary € PAa e Hir) A (H(r)\ {a}) NA =0ABT(r;) C A and
consequently (H(r) \ {a}) N A # 0 holds also in this case.

Thus, A\ {a} is closed under P4. a

While suppp(a,Z) denotes the definitely supporting rules (i.e. those
rules which are supporting rules for a in each totalization of Z), we define
psuppp(a,Z) as those rules which could possibly support a in some total-
ization, so that psuppp(a,Z) can serve as an upper bound for suppp(a,I) of
any totalization of 7.

Definition 5.2.4

Given a ground program P, a ground atom a and a partial interpretation
7, let the set of potentially supporting rules of a in P with respect to Z be
given by

psuppp(a,Z) ={r € Plac H(r)A Bpe H(r)\{a} : Z(p) > M
AN Bpe Bt (r):I(p)=FA Bpe B~ (r) : Z(p) =T}

Proposition 5.2.3

Given a ground program P, a ground atom a € Bp, and a partial interpre-
tation Z, psuppp(a,Z) is an upper bound for suppp(a,I) of any totalization
I of T; that is,

VI € totalp(Z) : suppp(a,l) C psuppp(a,Z)
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Proof  Let r be a rule and I a total interpretation such that a € H(r),
(H(r)\{a})NI =OAB*(r) CIANB~(r)NI =0 (i.e., r € suppp(a,l)). Then,
for any 7 such that I € totalp(Z), it holds that Ap € H(r)\{a} : Z(p) > T,
Ape BT (r):Z(p)=F, Ape B~ (r) : Z(p) =T (i-e., r € psuppp(a,I)). As
a consequence, VI € totalp(Z) : suppp(a,l) C psuppp(a,Z) holds. O

Remark Given a ground program P, a ground atom a and a partial in-
terpretation Z,

psuppp(a,Z) = |J  suppp(a,I)
Ictotalp(T)

holds if Vr € P : H(r)N BT (r) = O A B*(r)N B~ (r) = 0. We note that
rules which do not satisfy this property are eliminated in a pre-processing
step in DLV.

5.2.2 Operators

In the sequel, we will consider a special kind of partial interpretation, the
inconsistent interpretation O. It can be thought of as representing inconsis-
tency or the fact that no answer set is an extension of it. Even more, we set
ext(0) = () and totalp(O) = 0.

For the definition of operators, we define a merging function & on partial
interpretations. This function merges the two truth values of each atom in
the two interpretations according to the knowledge ordering <. If for some
atom these truth values are comparable with respect to <, then it is mapped
to the greater one in the result, unless some other atom causes inconsistency,
which happens if the two truth values are incomparable.

Definition 5.2.5
Given two partial interpretations 7 and J defined over a common Bp, let

Twg— { O, ifda€ Bp:Z(a) A J(a)ANJa) £ Z(a)
{a = max<{Z(a),J(a)} |a € Bp,Z(a) #U V J(a) # U}, else.

Note that this merging operator preserves atoms which are true or false
in any of the two interpretations, it preserves must-be-true atoms unless
they are true in the other interpretation, and it yields the inconsistent in-
terpretation if some atom is true or must-be-true in one interpretation, but
false in the other.

Let us now review the generalization of two well-known operators to
our framework: The immediate consequence operator T» (a variant of the
operator defined in [120]) and a backward-chaining operator Fp (similar to
an operator given in [66], and to concepts from [26]). The former derives the
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truth of an atom occurring in the head of a rule the body of which is true
and in which all other head atoms are false with respect to the given partial
interpretation. The latter operator establishes the falsity of a NAF literal
occurring in the body of a rule the head of which is false and in which all
other body literals are true with respect to the given partial interpretation,
by deriving the atom in the NAF literal as false if it is a positive literal or by
deriving the atom in the NAF literal as must-be-true if it is a negative literal.
Note that T’» can derive truth of an atom as this atom is guaranteed to have
a supporting rule, while Fp can derive an atom only to be must-be-true, as
the existence of a supporting rule can not be anticipated.

Definition 5.2.6
Given a ground program P, and a partial interpretation Z, we define

Tp(I)={a—T|3reP:ac H(r),val (H(r)\ {a}) = F,val2(B(r)) = T}

Fp(I)={a— F|3r€P:ac B (r),val (H(r)) =
valg (B(r) \ {a

Wia— M|3reP:ac B (r),val(H(r)

valZ (B(r)

F,
) =T}
)=F,

\{not a}) =T}

Furthermore, let Tp(O) = Fp(O) = 0.

Let us now complement these basic operators by derivations which are
motivated by must-be-true atoms and supporting rules. We introduce three
auxiliary operators 51,737 52773, and Sy p. Sl,P forces the last potentially
supporting rule for a must-be-true atom b to be the definitely supporting
rule for b. To this end, derivations are performed which guarantee that
b is the only true head atom, and that the body evaluates to true. S, p
derives atoms without potentially supporting rules as false. Finally, S; p is
an adaptation of T’p to consider must-be-true atoms.

Definition 5.2.7
Given a ground program P and a partial interpretation Z, we define

S1pT)={a—F|[Ie M UTT : psuppp(b,T) = {r},
ac Hir)\{b} Vaec B~ (r)}
Wia— M|3IbeTMUI? : psuppp(b,I) = {r},a € Bt(r)}
Sy p(Z) ={a — F'| psuppp(a,I) = 0}
S3p(@)={a—M|IreP:ac H(r),valZ (H(r)\ {a}) = F,valZ(B(r)) = M}

We now define a combined operator Sp by merging the traditional and
new operators.
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Definition 5.2.8
Given a ground program P and a partial interpretation I, we define

Sp(T) = Tp(1) & Fp(T) W 5, p(1) & 55,p(T) & Sy p(T)

Given an operator Op, let Op denote its inflationary variant, i.e. Op(Z) =
Tw Op(Z). It is relatively straightforward to see that the operator Sp is
monotonic with respect to the partial order induced by =< on partial inter-
pretations (where O is defined as an artificial supremum connected to all
partial interpretations), since only additional knowledge or O can be pro-
duced by Sp, and no knowledge in T is ever retracted by Sp.

Since Sp is monotonic in the partial order described above, and since
this partial order forms a complete lattice over the partial interpretations, by
virtue of the famous Knaster-Tarski theorem a least fixpoint for Sp exists,

which we will refer to as Ap.

Definition 5.2.9
Given a ground program P and a partial interpretation Z, define the n-fold
application of Sp (i.e., its powers) as follows:

1) =1,
Sp"(T) = Sp(Sp"V(T) forn > 0.

Since the number of partial interpretations is finite, for any partial inter-
pretation Z a nonnegative integer j exists such that g(])(I) = %UH)(I).
Let k:% denote the least such integer j.

Definition 5.2.10
We define (for a partial interpretation Z and a ground program P) the
fixpoint iteration operator of Sp as

Ap(T) = 5" (@),

We next state a requirement to be fulfilled by operators which are suit-
able for deterministic consequence computation, and subsequently we will
show that our operators indeed satisfy this requirement.

Operators for deterministic consequence computation should be answer
set preserving. That is, all answer sets which are extensions of the initial
partial interpretation should also be among the extensions of the interpre-
tation yielded by the operator.

Definition 5.2.11

Let, for a ground program P and a partial interpretation Z, AS(Z,P) =
totalp(Z) N AS(P) denote the answer sets which are extensions of Z. An
operator Op is answer set preserving if AS(Z,P) = AS(Op(Z),P) is guar-
anteed for arbitrary 7 and P.
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We will next state a property on totalizations (and thus extending answer
sets) in connection with the merging function W, which we will use in a
subsequent proof.

Lemma 5.2.1
For any partial interpretations Z and J of a ground program P, totalp(Z W
J) = totalp(Z) Ntotalp(J) holds.

Proof If either Z or J is O, the result trivially holds, as in this case
7w J = 0. Otherwise, if ZW J = O but neither Z = O nor J = 0O,
then an atom a exists, such that, without loss of generality, Z(a) € {T, M}
and J(a) = F. Then, a € A holds for each A € totalp(Z) and a ¢ A
holds for each A € totalp(J), and therefore totalp(Z) N totalp(J) = 0 =
totalp(Z W J)P = totalp(O) holds.

If 7w J # O, then we will show (i) if I € totalp(Z) A I € totalp(J) then
I € totalp(ZW J), and (ii) if I € totalp(Z W J) then I € totalp(I) N1 €
totalp(J).

To see (i), note that for each a € I, Z(a) € {T, M, U} NJ(a) € {T, M,U}
holds, which implies (Z W J)(a) € {T,M,U}. In a similar way, for each
a€ Bp\I,Z(a) € {F,U} ANJ(a) € {F,U} holds, which implies (ZW J)(a) €
{F,U}. Because in W, each atom is treated independently, it follows that
I € totalp(T W J).

To see (ii), we note that, symmetrically to (i), for each a € I, (ZWJ)(a) €
{T, M, U} holds, which implies Z(a) € {T, M,U} AN J(a) € {T,M,U}. Also,
for each a € Bp \ I, (ZW J)(a) € {F,U} holds, which implies Z(a) €
{F,U}NJ(a) € {F,U}. Again, by independency of atoms in &, we conclude
that I € totalp(Z) and I € totalp(J) hold, which concludes the proof. O

As the set of answer sets extending a partial interpretation is a subset
of its totalizations, we obtain the following result as a direct consequence of
Lemma 5.2.1.

Corollary 5.2.1
Given partial interpretations 7 and J and a ground program P, AS(Z @
J,P) = AS(Z,P) N AS(J, P) holds.

We are now ready to state our main result concerning the suitability of
the operator Sp for computing deterministic consequences.

Theorem 5.2.1
The operator Sp is answer set preserving.

Proof (Sketch) We first note that any inflationary operator Op is answer
set preserving iff Op is sound with respect to answer sets, i.e. if it derives
atoms as true or must-be-true only if the atom is in all answer sets extending
the given partial interpretation, if it derives atoms as false only if the atom
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is not in any answer set extending the given partial interpretation, and if it
yields O only if no answer set extends the given partial interpretation. This
follows from Corollary 5.2.1.

We will argue for each of the operators constituting Sp that it is sound
with respect to answer sets. Then, by Corollary 5.2.1, Sp is answer set
preserving. Let 7 denote an arbitrary consistent partial interpretation and
‘P an arbitrary ground program.

Tp:

If an atom a occurs in the head of a rule r such that all other head
atoms are false and all body literals are true w.r.t. Z, then a € A for
any A € AS(Z,P), otherwise r would not be satisfied in A.

: Similar to Tp, if an atom a occurs in the positive body of a rule r

such that all other body literals are true and all head atoms are false
w.r.t. Z, then a ¢ A for any A € AS(Z,P), otherwise r would not
be satisfied in A. Symmetrically, if an atom a occurs in the negative
body of a rule r such that all other body literals are true and all head
atoms are false w.r.t. Z, then a € A for any A € AS(Z,P), otherwise
r would not be satisfied in A.

: By Proposition 5.2.2, each atom in an answer set must have at least

one supporting rule, and by Proposition 5.2.3 the number of poten-
tially supporting rules is always greater or equal than the number of
supporting rules. Together, if a must-be-true or true atom b has only
one potentially supporting rule with respect to Z, then exactly this
rule must be the supporting rule for b in any A € AS(Z,P). So all
head atoms different from b will not be contained in any A € AS(Z,P),
all positive body atoms must occur in all A € AS(Z,P), and all atoms
in the negative body will not be in any A € AS(Z, P).

: Again by Proposition 5.2.2 and Proposition 5.2.3, if any atom a has

no potentially supporting rule with respect to Z, then it cannot have
any supporting rule in any A € AS(Z,P), and consequently a ¢ A for
all A e AS(Z,P).

: Similar to Tp, if an atom a occurs in the head of a rule r such that

all other head atoms are false and all body literals are must-be-true
or true w.r.t. Z, then a € A for any A € AS(Z,P), otherwise r would
not be satisfied in A.

O

Since Ap is just an iterated application of Sp, we can immediately con-
clude the following result from Theorem 5.2.1.

Corollary 5.2.2
The operator Ap is answer set preserving.
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We have defined the operator Ap and shown its suitability for computing
deterministic consequences in DLV.

5.2.3 Implementation

We will now give an algorithm that computes Ap. The resulting procedure
DetCons is shown in Figure 5.4. Given a partial interpretation Z for P, it
extends Z by what we call the deterministic consequences of T w.r.t. P. It
can assign F', M or T to any undefined atom, but can only assign T" to mbt
atoms. DetCons also detects inconsistencies, e.g. if some mbt atom should
get the value F'.

As long as DetCons has modified the interpretation Z for the ground
program P, the Boolean variable modi fied is true at the end of the repeat
loop of Step 2. If any inconsistency is detected, the procedure immediately
aborts by means of an exit instruction.

Steps 4-12 focus on rules which are not satisfied (as defined in Defini-
tion 5.1.3). If the head of the rule is false and its body is either true or mbt,
then the procedure exits returning contradiction = true, because there is
no way to satisfy r (recall that true and false atoms cannot be changed
and mbt can evolve only into true). Steps 7-12 enforce the satisfaction of a
rule r € P if this can be done deterministically, i.e., by changing the value
of exactly one literal occurring in r. Consider Steps 7-8: If the truth value
of B(r) according to Z is X, where X is at least M, i.e., mbt or true, and
every atom , except for one atom p, in the head of r is false, we can draw a
deterministic consequence. We enforce the satisfaction of r by incrementing
the truth value of p up to the value of B(r). For instance, if p is either un-
defined or mbt w.r.t. T and valZ(B(r)) = T, then T is modified by assigning
the value T to p, denoted by Z(p) := T in the algorithm. Note that this is
the only step which can assign the value true to an atom, that is, DetCons
assigns the value true to an atom p only if p is supported.

Now, consider Steps 9-12: If the head of r is false, but its body is at
least mbt, except for one undefined literal L, then L should get the truth
value false in order to satisfy r. Note that, if L is a negative literal not p,
this is accomplished by setting Z(p) := M. Indeed, declaring p true would
not guarantee the supportedness of this atom.

Steps 13-23 draw deterministic conclusions following the supportedness
principle. In particular, if a true or mbt atom has no potentially supporting
rule according to the interpretation Z, then we get a contradiction (Step
14), while an undefined atom without any potentially supporting rule can
be declared false (Steps 15-16).

If a true or mbt atom p has only one potentially supporting rule r, i.e.,
psuppp(p,Z) = {r}, then r must be able to derive the truth of p. Thus, we
enforce that p is derivable from r assigning suitable truth values to every
undefined literal occurring in r (see Steps 18-23). This is a sort of backward
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Procedure DetCons(P: Program; var Z: Interpretation; var contradiction: Boolean)

(* Computes the deterministic consequences for P w.r.t. Z *)
var modified: Boolean;

begin
(1) contradiction := false;
(2) repeat
(3) modified := false;
(* Enforce satisfaction of all rules *)
4 for each rule r € Ground(P) not satisfied w.r.t. Z do

contradiction := true; exit procedure;

)

) if valZ2(B(r)) > M and valZ (H(r)) = F
)

) else if valZ (B(r)) > M

and valZ (H(r) \ {p}) = F for some p € H(r) then

(8) Z(p) := valZ (B(r)); modi fied := true;
9) if valZ (H(r)) = F and valZ(B(r) \ {L}) > M
for some undefined literal L € B(r) then
(10) modi fied := true;
(11) if L € B™(r) then Z(p) := F;
(12) else (* L is a negative literal not p *) Z(p) := M;

end for;
(* Ensure supportedness *)

(13) if |psuppp (p,Z)| = 0 and Z(p) > M for some atom p then
(14) contradiction := true; exit procedure;

(15) for each atom p s.t. Z(p) = U and |psuppp(p,Z)| =0 do
(16) I(p) == F;

(17) for each atom p s.t. Z(p) > M and |psuppp(p,Z)| =1 do

Let r be the (unique) rule in psuppp(p,Z);

(18) for each undefined atom ¢ € (H(r) \ {p}) do
(19) Z(q) := F; modified := true;
(20) for each undefined positive literal g € B(r) do
(21) Z(q) := M; modified := true;
(22) for each undefined negative literal not ¢ € B(r) do
(23) Z(q) := F; modified := true;
end for;
(24) until not modified

end_procedure

Figure 5.4: Function for computing the deterministic consequences

propagation step: From the truth of the head we derive that all body literals

must be true.

In total, the derivations in the main repeat loop correspond to the deriva-
tions by Sp. The difference is that in DetCons, derivations are performed
sequentially, while they are done in parallel in Sp. But the iterations en-
sure that the fixpoints will eventually be equal, and that DetCons effectively

computes Ap. We state this result without proof.

Theorem 5.2.2

The procedure DetCons(P;Z;bool) computes Ap(Z). More precisely, given
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(i)  reached(X) < start(X).

(i) reached(X) « reached(Y), inPath(Y, X).

(ili) inPath(X,Y)V outPath(X,Y) « arc(X,Y).

(iv) <« inPath(X,Y),inPath(X,Y1),Y <> Y1.
— inPath(X,Y), inPath(X1,Y),X <> X1.

(v)  « node(X),not reached(X).

Figure 5.5: The Hamiltonian path program P, from Chapter 3

a program P and a partial interpretation Z, if Ap(Z) # O, then T is equal
to Ap(Z) after the procedure execution and bool is false; if Ap(Z) = O, then
bool is true.

Example 5.2.2

We have reproduced the program for HAMPATH given in Chapter 3 in
Figure 5.5. Now consider this program Pp, together with the graph of
Figure 5.6 on the following page, encoded as shown in Figure 5.7 on the
next page, starting with the interpretation T = (), where " =M = 7F = ()
and IV = Bp.

First, all atoms in facts are derived as true (by lines 4-8), and all atoms
not occurring in any head are derived as false (by lines 15-16). Subse-
quently, by rule (i), reached(a) is immediately derived (by lines 4-8). The
constraint (v) essentially serves as a query that assures that all nodes are
indeed reached. As node(X) is true for all nodes, reached(X) is derived as
mbt by means of lines 9-12, for each X € {a,b,c,d,e}.

The mbt atom reached(b) is only derivable by a single ground instance
of rule (ii), namely reached(b) «— reached(a), inPath(a,b). At this point,
the backward propagation step described above comes into play and sets
inPath(a,b) tombt (lines 17-21). Lines 17-23 implement back-propagation,
where from the truth values of the head we can infer some knowledge on
the truth values of the body in the case where only a single potentially sup-
porting rule remains for some mbt literal. Then, psuppp(outPath(a,b),7)
becomes empty, since the only rule with outPath(a,b) in the head contains
also the mbt inPath(a,b). Thus, outPath(a,b) is derived as false (lines
15-16). In turn, this causes lines 4-8 to derive inPath(a,b) as true. Now
we easily derive reached(b) as true from (ii).

Also inPath(c,d) and outPath(c,d) are derived as true and false, re-
spectively, in analogy to inPath(a,b) and outPath(a,b).

FEach node in a Hamiltonian path has exactly one outgoing arc, and
indeed lines 9-12 derive inPath(a, c) and inPath(a,e) as false, which then
leads to outPath(a, c) and outPath(a,e) to be set to true.

2

2Note that the instantiation procedure of DLV generates only ground rules that are
constructible from the facts in the input ([59]).
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Figure 5.6: Example graph 1 for Hamiltonian path.

start(a).
node(a). node(b). mnode(c). node(d). node(e).
arc(a,b). arc(a,c). arc(a,e). arc(b,c). arc(c,d). arc(d,e).

Figure 5.7: The encoding of the graph depicted in Figure 5.6.

Now we derive inPath(b, c) and inPath(d, e) as true in the same way we
derived inPath(a,b) above, and eventually are able to obtain reached(c),
reached(d), and reached(e). That is, starting from an “empty” interpre-
tation, a single invocation of DetCons has deterministically and efficiently
found the unique Hamiltonian path for this graph.

It is worthwhile noting that DetCons has been implemented very care-
fully in the DLV system. By using sophisticated data structures and tech-
niques similar to those described in [41, 96] for representing rules and in-
terpretations, it runs in linear time, i.e., in time O(|| P || + || I ||), where
|| - || denotes the size of an object. Basically, this is possible by keeping
counters of the number of undefined atoms and must-be-true atoms in the
head, the positive, and the negative body instead of computing the truth
value of head and body by iteration.

5.3 Choice

In this section we focus on the question how to select PT literals in line (6)
of ComputeAnswerSets in Figure 5.3, such that the likelihood of finding an
answer set is maximized.

5.3.1 Basic Method

To this end, we employ so-called “look-ahead”, that is, we temporarily as-
sume the truth of one PT literal® at a time and perform the deterministic
derivations, i.e. we apply the DetCons function (and hence the operator
Ap). On the basis of the changes which have been derived during this
look-ahead, we then make the decision which PT literal should be taken.
Note that the Smodels system [99, 117] and many SAT checkers also employ

3For a negative literal this means assigning false to its atom.
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look-ahead, but they employ different heuristic criteria, as discussed below
in Section 5.3.2.

Definition 5.3.1
Let Z be a partial interpretation and P a ground program, furthermore
let us define for an atom p, for which Z(p) = M holds, its level n, if

lpsuppp(p, )| = n.
During the computation, we maintain the following counters:

mbt~ (p) The number of eliminated must-be-true atoms, i.e. the number
of atoms the truth value of which changed from M to T during the
computation of DetCons.

mbtT(p) The number of inserted must-be-true atoms, i.e. the number of
atoms the truth value of which changed from U to M during the
computation of DetCons.

mbt; (p) The number of eliminated must-be-true atoms of level 2, i.e. the
number of atoms the truth value of which changed from M (with two
potentially supporting rules) to 7" during the computation of DetCons.

mbt3 (p) The number of inserted must-be-true atoms of level 2, i.e. the num-
ber of atoms the truth value of which changed from U or M (with more
than two potentially supporting rules) to M (with two potentially sup-
porting rules) during the computation of DetCons.

mbts (p) The number of eliminated must-be-true atoms of level 3, i.e. the
number of atoms the truth value of which changed from M (with
three potentially supporting rules) to 7" or M (with fewer than three
potentially supporting rules) during the computation of DetCons.

mbt§ (p) The number of inserted mbt atoms of level 3, i.e. the number of
atoms the truth value of which changed from U or M (with more
than three potentially supporting rules) to M (with two potentially
supporting rules) during the computation of DetCons.

Sat(p) The number of rules which become satisfied during the computation
of DetCons.

In addition, we define the following differential counters:
Appe(p) =mbt™(p) — mbt™ (p)
Ampiz(p) = mbt; (p) —mbts (p)

Appez(p) = mbtz (p) — mbt3 (p)

Using these counter values, we define a heuristic relation over the set of
PT literals with respect to Z as follows:
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Definition 5.3.2
Given two PT literals a and b, we define a lexicographic ordering relation <
as follows:

If (mbt~—(a) =0Ambt—(b) >0)V (mbt—(a) >0Ambt™(b) =0) then
a <b<e mbt~(a) < mbt~(b)
otherwise
a < b holds if one of the following conditions applies:
1 Ambt<a) < Ambt<b)
2. Appra(a) < Appra(b) A At (@) = Appe (b)
3. Amst(a) < Ambt?)( ) A Amb (a) Amb (b) A Amth(a) = Ambt?(b)
4 Sat(a) < Sat(b) A Ambt( ) Ambt(b mth(a) = Ambtg(b)
AN Appz(@) = A3 (b)

In other words, if exactly one of mbt~(a) and mbt~ (b) is zero, we prefer
the PT literal for which mbt™ is non-zero. Otherwise (i.e., both mbt™(a)
and mbt~ (b) are zero or both are non-zero), we prefer the one for which the
overall number of mbt atoms becomes smaller. If this number is equal, we
prefer the one for which the overall number of mbt atoms of level 2 becomes
smaller. If also this number is equal, we use the number of mbt atoms of
level 3.

The reasoning behind this relation is that the total numbers of mbt atoms
can be viewed as constraints which are not yet satisfied but eventually have
to be for any answer set. So the fewer mbt atoms there are, the smaller
is the distance to an answer set. Additionally, mbt atoms of level 2 and 3
are the ones which are the “hardest” to become satisfied (observe that mbt
atoms of level 1 are always derived by DetCons).

The purpose of the test whether exactly one of mbt—(a) or mbt~(b) is
zero is that in this case we want to avoid preferring a PT literal, which
only introduces new mbt atoms but does not eliminate any, over one which
eliminates some but introduces more (the former is like a “null action”).

The guessing step in the Model Generator (line (6) in ComputeAnswer-
Sets in Figure 5.3 on page 32) takes a PT literal which is a maximum w.r.t.
<.

Example 5.3.1
Consider again the program for computing Hamiltonian paths shown in
Figure 5.5 on page 43, now together with the encoding of the graph depicted
in Figure 5.8 on the next page, given in Figure 5.9 on the following page.
By the first call to DetCons, only reached(a) is set to true, while
reached(b), reached(c), reached(d), and reached(e) are assigned mbt be-
cause of the single literal constraints obtained by (v) (see Appendix A).
The choice rule (iii) is instantiated with the arcs (see Appendix A); these
rules supply the PT literals (all of which are positive).
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Figure 5.8: Example graph 2 for Hamiltonian path

start(a).

node(a). node(b). mnode(c). node(d). node(e).
arc(a,b). arc(a,c). arc(a,d). arc(a,e).

arc(b,c). arc(c,d). arc(d,b). arc(d,e).

Figure 5.9: The encoding of the graph depicted in Figure 5.8.

Note that the rules which define the predicate reached are instantiated
in a way such that reached(n) occurs in the head of exactly two rules for
each node n, apart from a. This is because each of these nodes has exactly
two incoming arcs.

Each of the reached(n) (n = {b,...,e}) needs support, but it is not yet
known which of the two rules will supply it eventually.

To evaluate the heuristic relation, we perform a look-ahead: for each PT
L, we assume L true, compute its deterministic consequences (by a call to
DetCons), and store the values of the respective mbt counters.

Let us first consider the PT literal inPath(a,b): Upon assuming it true,
we immediately derive reached(b) as true, and thus eliminate a mbt atom
of level 2 (since it occurs in the head of two unsatisfied rules). By statements
(9) — (11) in DetCons we derive false for inPath(a, c), inPath(a, d), inPath(a, e),
and inPath(d, b), reflecting the fact that no two arcs in the Hamiltonian path
may begin in the same node or end in the same node (constraints (iv) in
Figure 5.5).

Figure 5.10: Steps during look-ahead for inPath(a,Db)

After that, for each of reached(c), reached(d), reached(e) only one sup-
porting rule is left, so we can infer that the yet undefined positive body liter-
als of these rules (inPath(b, c), inPath(c,d), inPath(d,e)) are mbt. More-
over, since each of them occurs in the head of exactly one rule and the body
of this rule is true, we infer them as true immediately afterwards and even-
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PT literal mbt— | mbtt | Appr [ mbty | mbtd | Appen [ mbty | mbtd | Avs
inPath(a, b) 7 3 1 1 0 1 0 0 0
outPath(a, e) 8 4 4 0 0 0 0 0 0
outPath(d,b) 8 4 4 0 0 0 0 0 0
inPath(d, e) 7 3 4 0 0 0 0 0 0
inPath(a, e) 4 3 1 1 0 1 0 0 0
outPath(a, b) 5 4 1 0 0 0 0 0 0
inPath(d, b) 4 3 1 0 0 0 0 0 0
outPath(a,b) 5 4 1 0 0 0 0 0 0
outPath(a, c) 1 1 0 0 0 0 0 0 0
outPath(a,d) 1 1 0 0 0 0 0 0 0
inPath(b, c) 0 0 0 0 0 0 0 0 0
inPath(c, d) 0 0 0 0 0 0 0 0 0

Table 5.1: PT literals and their values, ordered by <

tually we also infer reached(c), reached(d), and reached(e) as true. These
steps are visualized in Figure 5.10, where bold arcs are in the Hamiltonian
path, while dashed arcs are not.

In total, the deterministic derivation has generated 3 new mbt atoms
(all of which have subsequently been derived as true) and eliminated 7 mbt
atoms, one of which was of level 2.

All PT literals and their corresponding counter values (we have omitted
Sat, as it never used), ordered by <, are shown in Table 5.1. Those which
are not listed (inPath(a, c), inPath(a,d), outPath(b, c), outPath(c,d)) gen-
erate an inconsistency during propagation. Note that the atoms reached(n)
(n=1{b,...,e}) are not PT literals, as they occur only in rules, the body of
which is not true yet.

Thus, following the heuristics, the PT literal inPath(a,b) is chosen by
our computation. Then, the propagation of it, done by DetCons, imme-
diately leads to the computation of the Hamiltonian path. Thanks to the
heuristics only one choice was sufficient!

Note that performing look-ahead has an additional merit: If an incon-
sistency is detected during the propagation of the PT literal, we can then
set it to false and apply DetCons, thus pruning the search tree quite a bit.

Example 5.3.2
Consider again Example 5.3.1, and let us trace the look-ahead for the PT
literal inPath(a,c): First, reached(c) is set to true, then inPath(a,Db),
inPath(a,d), inPath(a,e), and inPath(b,c) are assigned false (via con-
straints). Because of this, inPath(c,d), inPath(d,e), and inPath(d,b) be-
come mbt. But then the constraint ensuring that exactly one of the outgoing
edges of A may be in the Hamiltonian path is violated, thus creating an in-
consistency (see the visualization in Figure 5.11).

Therefore we may assume inPath(a,c) as false and derive its conse-
quences, which include inPath(b, c) becoming true, as depicted in Figure
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Figure 5.11: Steps during look-ahead for inPath(a,c)

Figure 5.12: Consequences of inPath(a, c¢) being false

5.12.

5.3.2 Advanced Methods

Throughout this section, we assume that a ground ASP program P and
a partial interpretation Z have been fixed. Here, we describe the heuris-
tic criteria that will be compared in Section 5.4.1. We consider “dynamic
heuristics” (the ASP equivalent of UP heuristics for SAT), that is, branch-
ing rules where the heuristic value of a literal L depends on the result of
taking L true and computing its consequences. Let Z; contain the truth
assignment for the PT literal L (i.e., valz(p) = T if L = p, or valz(p) = F
if L = not p), and be equal to Z otherwise. The result of the look-ahead on
L is then given by Jr, = Ap(Zr). We assume that J; # O, otherwise L is
automatically set to be false (i.e., valz(p) = F if L = p, or valz(p) = M if
L = not p) and the heuristics is not evaluated on L at all.

Heuristics hy. This is an extension of the branching rule adopted in the
system SATZ [82] — one of the most efficient SAT solvers — to the framework
of ASP.

Let the length of a rule r (w.r.t. an interpretation Z), be the number
of undefined literals occurring in r, denoted by I(r,Z7) = [{a € H(r) U
B(r) | Z(a) = U}|. Let Unsatk(Q) denote the number of rules r, which are
unsatisfied* in Jp, with I(r, Jg) = k, where {(r,Z) > k. In other words,
Unsaty(Q) is the number of unsatisfied rules whose length shrinks to k if the
truth of @) is assumed and propagated in the interpretation Z. The weight
wi(Q) is

w1(Q) = Xps1 Unsaty(Q) *57*

“Recall that a rule r is satisfied w.r.t. Z if valZ (H(r)) > valZ(B(r)).
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The factor 57% has been determined by an empirical analysis (see [82] for
details). Thus, the weight function w; prefers literals introducing a higher
number of short unsatisfied rules. Intuitively, the introduction of a high
number of short unsatisfied rules is preferred because it creates more and
stronger constraints on the interpretation so that a contradiction can be
found earlier [82]. We combine the weight of an atom @ with the weight
of its complement not @ to favor @ such that w;(Q) and w(not Q) are
roughly equal, to avoid that a possible failure leads to a very bad state. To
this end, as in SATZ, we define the combined weight comb-w1(Q) of an atom
Q as follows:

comb-w1(Q) = w1(Q) * wi(not Q) * 1024 + w1(Q) + w1 (not Q).

Again, the factor 1024 has been determined empirically. Given two atoms
A and B, the heuristics h; prefers B over A (A <p; B) iff comb-w;(A) <
comb-wi(B). Once a <pj-maximum atom @ is selected, heuristics h; takes

Q if wi(Q) > wi(not @), not.Q else.

Heuristics hy. The second heuristics we consider is inspired to the branch-
ing rule of Smodels, which is a well-known ASP system [118]. Let def(Z) =
|ZT UM UZT| denote the number of atoms which are either true, must-be-
true or false in a partial interpretation Z. Then, define

w2 (Q) = def(Jq)-

Since ws maximizes the size of the resulting interpretation, it minimizes
the atoms which are left undefined. Intuitively, this minimizes the size of
the remaining search space (which is 2%, where u is the number of unde-
fined atoms in Jg) [118]. Similar to Smodels, the heuristics hy cautiously
maximizes the minimum of wy(Q) and ws(not Q). More precisely, the pref-
erence relationship <o of ho is defined as follows. Given two atoms A and
B, A <p2 B if min(wa(A), wa2(not A)) < min(wz(B),w2(not B)); other-
wise, A <pa B if min(wy(A), ws(not A)) = min(ws(B),ws(not B)) and
mazx(wz(A), wz(not A)) < maz(wz(B), wz(not B)). Once a <po-maximum
PT literal @ is selected, heuristics hg takes @ if w1(Q) > wi(not @), not.Q)
else.

Remark. It is worthwhile noting that the heuristics of Smodels, while fol-
lowing the above intuition, is more advanced and sophisticated than ho. Un-
fortunately, it is defined for non-disjunctive programs, and centered around
properties of unstratified negation. which is not so important in our frame-
work. We do not see any immediate extension of Smodels’ heuristics to the
framework of disjunctive ASP programs.

Heuristics hg. Let us consider now the traditional heuristics used in the
DLV system, which has been defined in Section 5.3.1.
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Recall that this heuristics (h3) considers A, (Q), Appt2(Q), and A,pes(p)
in a prioritized way, to favor atoms for which it is more likely to lead to a
supported model. If all mbt counters are equal, then the heuristics considers
the total number Sat(Q) of rules which are satisfied w.r.t. Jg.

A <pz-maximum atom is selected by the heuristics h3 of DLV. Unlike the
previous heuristics, h3 considers only atoms (instead of literals), and it does
not take into account what happens when the selected atom @ leads to a
failure (i.e., Jnot @ is not considered in the heuristics).

Heuristics hy. Finally, we consider a simple “balanced version” h,4 of the
heuristics h3 of DLV, where also the complement of an atom is evaluated for
the heuristics. Given a PT literal A, let AL (A) = Ay(A) + Ay (not.A) for
a = {mbt,mbt, mbt3} , and Sat’'(A) = Sat(A) + Sat(not A). The heuristics
h4 works precisely as hs, but considers the primed counters. Once the best
atom has been selected, it is taken positive or negative, depending on hs.

5.3.3 Reducing Look-Ahead Overhead

As described in the previous sections, most heuristics of DLV are “dynamic”
heuristics. These heuristics are based on “look-ahead” techniques: to eval-
uate the heuristic value of a literal L w.r.t. the partial interpretation 7
at hand, truth and falsity of L are assumed in the current interpretation,
and its consequences are derived by computing its deterministic extensions
Jr, = DetCons(Zy) and J; = DetCons(Ipot.1.). Note that either of J7, and
J| can be inconsistent, in which case the search space can be pruned early.

The heuristic value of L is a measure of the “quality” of the resulting
interpretations [Jz, and J;. Some of these heuristics proved to be very use-
ful, as they drastically reduce the number of choice-points arising in an ASP
computation. However, the computation of these heuristics is very expen-
sive, since the number of literals to be “looked-ahead” is very large in some
cases, and the cost of a look-ahead is linear in the size of the Herbrand Base
in the worst case. The computation of the heuristics thus often consumes
most of the total time taken by an ASP system, and may slow down the
ASP system significantly.

Thus, part of the computational gain through the better choices of the
branching literals is consumed by the heuristics itself to perform the many
look-aheads.

In the sequel, we describe methods which try to reduce the time needed
to evaluate the heuristics, by reducing the number of look-aheads that need
to be performed. The main contributions are:

A. A new condition which is sufficient to guarantee that, at a given stage
of the computation, two literals (A, not.B) have precisely the same set
of deterministic consequences w.r.t. the interpretation Z at hand, that
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is, JA = Jnot.B)- Consequently, A and not B are guaranteed to have
precisely the same heuristic values, and we avoid the look-ahead for
one of them.

This technique allows us to save 50% of the look-aheads in several
cases including, e.g., Hamiltonian Path and 3SAT programs.

B. The design of a 2-layered heuristics. A computationally cheap heuristic
criterion reduces the set of literals to be considered, and the look-
ahead to select the branching literal is applied only to the literals in
this set. This method significantly reduces the number of look-aheads,
but, unlike the previous technique, it is not an “exact” or “faithful”
method, that is, it might exclude literals which would otherwise have
had high heuristic values. Also some literals for which the look-ahead
detects inconsistency can be missed in this way, so there will be less
pruning in general.

C. An implementation of the above techniques in the ASP system DLV,
and an evaluation of their efficiency on a number of benchmark prob-
lems taken from various domains. The results of the experiments are
very positive and both techniques prove to be useful. Moreover, they
are orthogonal and their integration performs at least as well as the
best individual technique, resulting in a relevant improvement of the
performance of the DLV system.

It is worthwhile noting that techniques for reducing the number of look-
aheads have been employed in SAT solvers and in other ASP systems. In
particular, the ASP system Smodels makes a drastic pruning of the look-
aheads by eliminating each literal which has been derived during a previous
look-ahead at the same branch-point: For each literal B € [J4, the look-
ahead for B is not performed, because B is guaranteed to be worse than A
w.r.t. the heuristic function of Smodels. This technique eliminates a higher
number of look-aheads than our technique described in Item A. However,
our technique is more general and it is applicable to a wider class of heuristic
functions. Indeed, the technique of Smodels relies on a monotonicity prop-
erty of the heuristics: Jp C Ja implies that B is worse than A w.r.t. the
heuristic function of Smodels. Our technique, instead, is applicable to every
criterion determining the heuristic value from the result of the look-ahead
(i.e., the heuristic value of A depends only on J4. In fact, our technique
can also be applied in Smodels, while the optimization employed by Smodels
cannot be used in DLV, since the heuristics employed in DLV is not monotonic
in the sense described above. A 2-layered heuristics similar to the technique
of Item B above has been successfully employed in the SAT solver SATZ
[82].
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Look-Ahead Equivalences

Dynamic heuristics vary only in the interpretation J4 (resp. Jnot 4)- It
is therefore interesting to identify cases where two literals L and L’ are
look-ahead equivalent, i.e., J;, = Js, since one of the two look-ahead com-
putations could be saved. This notion of equivalence is formalized next.

Definition 5.3.3
Let p and q be two undefined literals w.r.t. an interpretation Z. p and q are
look-ahead equivalent if 7, = Jj.

We can now formulate the following;:

Proposition 5.3.1

If two undefined classical literals a and b occur in the head of a rule r in a
program P, and a and b are the only undefined literals w.r.t. an interpreta-
tion I inr (where we assume that there is no multiple occurrence of classical
literals in rules), then it holds that:

1. If psuppp(b,I) = 1, then a and not b are look-ahead equivalent.
2. If psuppp(a,I) =1, then not a and b are look-ahead equivalent.

Proof  (Sketch) Suppose psuppp(b,I) = 1. Then r is the only rule in P
which might derive b. Since the body of r is already true in I, such a deriva-
tion is performed iff a becomes false. Therefore, DetCons(I) either contains
both a and not b or it contains none of them. A symmetric argument shows
item 2. O

Example 5.3.3

Consider the program Py = {a Vb.} andZ = (). Both a and b are PT literals,
so look-ahead for a, not a, b, and not b is performed, i.e. we compute
Ap(fa — T}) = {a — T,b — F}, Ap({a — F}) = {a — F,b — T},
Ap({b = T}) = {a — F,b — T}, and Ap({b — F}) = {a — T,b — F}.
In this example we can save the look-aheads for not b and b because of
proposition 5.3.1, and thus save half of the look-aheads.

In DLV computations, we can recognize the applicability of Proposition 5.3.1
very efficiently and avoid extraneous look-aheads. Experimental results re-
ported in Section 5.4.1 will show that we avoid up to 50% of look-aheads in
some cases (e.g. on 3SAT) by exploiting this simple condition.

2-Layered Heuristics

In [82] a different idea on reducing look-aheads is presented: An easy-to-
compute heuristics is defined as a first layer, and look-ahead is only com-
puted on those possible choices which look promising w.r.t. to this easier
heuristics. This gives a kind of 2-layered heuristics.
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The simple heuristic criteria defined in [82] involve the number of binary
clauses a classical literal occurs in. The rationale is that this is the number
of immediate propagations that can be performed during the look-ahead.
This idea can be directly transferred to our ASP framework:

Definition 5.3.4

A binary clause is a rule which contains exactly two undefined classical
literals w.r.t. an interpretation I. The number of binary occurrences of an
undefined literal a is the number of binary clauses a occurs in.

Note that this notion directly corresponds to the number of immediate
propagations which can be performed by assuming a and not a, so it matches
the intuition of [82]. To reduce the number of literals to be looked-ahead,
we adopt the following criterion:

First-Layer Heuristics S%"(Z). Let PTp(Z) be the set of PT literals
of a ground program P w.r.t. a partial interpretation Z, and let S%m (7) C
PTp(Z) be the set of PT literals having more than the average number of
binary occurrences w.r.t. all literals in PTp(Z). Then, consider only the
literals in S%™(Z) for the selection of the branching literals (i.e., make look-
ahead only on these literals).

Note that our first-layer heuristics is inspired by the same intuition as

the first-layer heuristics in [82], even though it is not precisely the same.

5.4 Experiments

5.4.1 Experimenting with Heuristics

To evaluate the different heuristics presented in Section 5.3, we have chosen
a suite of benchmark problems. Among them are three problems which we
have already presented in Chapter 3, namely 3SAT (cf. Section 3.3), Hamil-
tonian Path (cf. Section 3.2), and Strategic Companies (cf. Section 3.4).

In addition, we have performed experiments on Blocksworld Planning,
which we briefly describe in the sequel:

Blocksworld (BW) is a classic problem from the planning domain, and
one of the oldest problems in AT:

Given a table and a number of blocks in a (known) initial state and
a desired goal state, try to reach that goal state by moving one block
at a time such that each block is either on top of another block or the
table at any given time step.
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Figure 5.13: Simple Blocksworld Example

Figure 5.13 shows a simple example that can be solved in three time
steps: First we move block ¢ to the table, then block b on top of a, and
finally ¢ on top of b.

For a complete encoding we refer to [61, 64].

Note that the benchmark problems have been chosen to cover a variety
of features in answer set programs: E.g., the HAMPATH includes transitive
closure, which is a frequent pattern in logic programs. 3SAT is close to a
constraint satisfaction problem, and is an example of a program without
recursion. STRATCOMP is a ¥ -complete problem involving non-HCF
components. Finally, BW has been included because it employs a kind of
temporal reasoning.

Benchmark Data

For 3SAT, we have randomly generated 3CNF formulas over n variables
using a tool by Selman and Kautz [115]. For each size we generated 8 such
instances, where we kept the ratio between the number of clauses and the
number of variables at 4.3, which is near the cross-over point for random
3SAT [31].

The instances for HAMPATH were generated using a tool by Patrik
Simons which has been used to compare Smodels against SAT solvers (cf.
[118])7 and is available at http://tcs.hut.fi/Software/smodels/misc/hamilton.
tar.gz. For each problem size n we generated 8 instances, always assuming
node 1 as the starting node.

The blocksworld problems P3 and P4 have been employed in [61] to
compare ASP systems, and can be solved in 8 and 9 steps, respectively. We
augmented these by problems P5 and P6 which require 11 and 12 steps,
respectively. For each of these problems, we have generated 8 random per-
mutations of the input program, which can give indications on the sensitivity
of a heuristics to the ordering of rules. Such a sensitivity occurs when the
heuristics is not very fine-grained and chooses one among many “best” PT
literals by its position in the program.

For STRATCOMP, finally, we randomly generated 8 instances for each
problem size n, with n companies and n products. Each company O is
controlled by one to three companies, where the actual number of companies
is uniform randomly chosen. On average there are 1.5 cont relations per
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company.

The benchmark data are available at http://www.dbai.tuwien.ac.at/proj/
daiv/. All experiments were performed on an Athlon/750 FreeBSD 4.2 ma-
chine with 256 MB of main memory. The binaries were produced with GCC
2.95.2.

Experimental Results

The results of our experiments are displayed in the graphs of Figures 5.14—
5.17. In each graph, the horizontal axis reports a parameter representing
the size of the instance. On the vertical axis, we report the average running
time (measured in seconds) over the 8 instances of the same size we have
run (see previous section).
Remark. All heuristics have been implemented in a straightforward way,
without optimizations, so the running times reported in the graph are mean-
ingful only for comparing the relative efficiencies of the heuristics.

We have allowed a running time of 600 seconds for each problem instance.
In the graphs, the line of an heuristics ends whenever some problem instance
was not solved in the maximum time allowed. Table 5.2 displays, for each
heuristics, the maximum instance-size where the heuristics could solve all
problem instances in the maximum allowed time. An entry > ¢ means that
even for the largest instance size that was considered in the experiments, all
instances were solvable within the time limit.

hy ho hs ha \
3SAT 270 270 | 250 260
HAMPATH 80 40 70 > 100
BW > P6 >P6 | P5 > P6
STRATCOMP | > 1200 | > 1200 | 700 | > 1200

Table 5.2: Maximal totally solvable instance sizes.
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Figure 5.14: Comparison of heuristics: Blocksworld problems, average run-
ning times
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Figure 5.15: Comparison of heuristics: Hamiltonian Path problems, average
running times

As expected, heuristics hg, the “native” heuristics of the DLV system,
which does not combine the heuristic values of complementary atoms, is the
worst in most cases. It does not terminate on the instance P6 of BW, it
could not solve any of the benchmark instances of STRATCOMP (hg does
not appear at all in Figure Figure 5.16), and could solve fewer problem
instances than the others on 3SAT.

Heuristics hy, the extension of SATZ heuristics to ASP, behaves very
well on average. On 3SAT, BW, and STRATCOMP, h; could solve all
benchmark instances we have run. It is the fastest on BW and one of the
two fastest on 3SAT. It shows a negative behavior only on HAMPATH. In
this problem, considering must-be-true atoms seems to be crucial for the
efficiency.
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Figure 5.16: Comparison of heuristics: Strategic Companies, average run-
ning times

Heuristics hy4 is surprisingly good compared to hs. It is a simple “bal-
anced version” of heuristics h3 (the heuristic values of the positive and of
the negative literal are combined by sum). This simple extension to hg dra-
matically improves the performance. Indeed, heuristics h4 solves nearly all
instances we ran (only on 3SAT it stopped a bit earlier than other heuristics).
It is the best heuristics on STRATCOMP and, importantly, on HAMPATH,

where it beats all other heuristics by a relevant factor.
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Figure 5.17: Comparison of heuristics: 3SAT problems, average running
times

The behavior of heuristics ho, based on the minimization of the undefined
atoms, is rather controversial. It behaves very well on 3SAT and BW, but it
is extremely bad on HAMPATH, where it stops at 40 nodes already and is
beaten even by the “naive” heuristics hg. This confirms that further studies
are needed to find a proper extension of the heuristics of Smodels to the
framework of disjunctive ASP.

Concluding, we observe that both heuristics A1 and heuristics hyq, signif-
icantly improve the efficiency of the native heuristics hg of the DLV system.
The dramatic improvement obtained by the simple change from hz to hy,
confirms even more the importance of a careful study of branching rules in
ASP systems. This work is only a first step in this field, our future work
will include proposing new heuristics for ASP and careful analyses of existing
ones, in order to improve the efficiency of ASP systems.

5.4.2 Experimenting with Look-Ahead Reductions

The results of our experiments are displayed in the graphs of Figures 5.18-
5.21. For each problem domain we report two graphs: In both graphs the
horizontal axis reports a parameter representing the size of the instance,
while on the vertical axis we report the running time (measured in seconds)
and the number of look-aheads, respectively, averaged over the 8 instances
of the same size we have run (see previous section). The curves labeled by
“no opt.”, “opt. 17, “opt. 2”, and “opt. 142”, denote, respectively, the
initial (unoptimized) version, the look-ahead equivalence optimization, the
2-layered optimization, and the combination of both look-ahead equivalence
and 2-layered optimization.

Observe first that both optimizations always bring some gain over the
original version, as the “no optimization” curve is always on top of the other
three curves in all graphs.

The two optimizations have different impact, depending on the prob-
lem domain: For Blocksworld, the equivalence optimization performs better
than the 2-layered approach, while for Strategic Companies and 3SAT the
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Figure 5.18: Comparison of look-ahead reductions: 3SAT problems, average
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Figure 5.19: Comparison of look-ahead reductions: Blocksworld problems,
average running times and look-aheads

opposite holds. For Hamiltonian Path both optimizations behave roughly
equal.

The combination of the two optimizations combines the benefits in the
sense that performance is always as good as for the better of the two strate-
gies. Indeed, the curve combining the two strategies (opt.142) often nearly
coincides with the curve of the best of opt.1 and opt.2, e.g. for Blocksworld
opt.14+2 and opt.1 are almost equal, while for Strategic Companies opt.1+2
and opt.2 coincide. On Hamiltonian Path opt.1, opt.2, and opt.1+2 all give
the same speed-up. Finally, in the case of 3SAT there are even better results
for opt.142 than for any of the two methods alone.

Note that for opt.2 (and opt.142), the runtime and the number of look-
aheads need not correlate, as fewer look-aheads are performed but the qual-
ity of the PTs may be worse, which may lead to larger trees. For opt.1
the choices remain the same, but only the number of look-aheads can be
reduced, so avoided look-aheads directly reduce the runtime in this case.
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Figure 5.20: Comparison of look-ahead reductions: Strategic Companies,
average running times and look-aheads

no opt.
o o e
2 ®
Q (5]
b g opt. 1
(2] x
£ 8 [Pa—
(] -
£ o
2 é opt. 2
2
g g
s o opt. 1+2
> ©
H

120 140 160 180 200 220 120 140 160 180 200 220
number of nodes number of nodes

Figure 5.21: Comparison of look-ahead reductions: Hamiltonian Path prob-
lems, average running times and look-aheads

Thus, both optimizations turned out to be useful, and we have incor-
porated their combination in the version of DLV released in June 2001. We
believe that this is a promising way towards the improvement of ASP systems
that should be subject of further investigation. Indeed, besides optimizing
the implementation of the techniques proposed in this work, we have already

planned future work to explore other promising ways to reduce the number
of look-aheads.
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Part 11

Extensions and Front-Ends
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After having described in the previous part how to build an efficient
system for pure Answer Set Programming, we will in this part consider
ways of extending this basic formalism, and utilizing the implementation for
these extensions. A simple, but fruitful way of re-using the core system is
that of a front-end. This concept, which has already been briefly introduced
in Chapter 4, consists only of

e a transformation from some formalism to the core language,
e an invocation of the computational core, and

e some post-processing each time an answer has been found (and possi-
bly once after the computation has been completed).

In chapters 6-9 we present several language extensions and front-ends to
the core DLV system, which have been developed in the recent years.

Chapter 6 introduces a means for qualitative reasoning: Weak Con-
straints. The basic formalism is generalized by providing a weaker form of
constraint, which should be satisfied, but if it is not, it just adds some dis-
advantage instead of making an answer set impossible. The ASP semantics
is extended to those answer sets which minimize such disadvantages. We
will sketch how the system can be enhanced to handle this extension. This
extension cannot be dealt with by a front-end, as it is computationally more
expensive than the core system, so an efficient (polynomial time) reduc-
tion (as a front-end would be) is not feasible. Instead, we extend the Model
Generator module, described in Chapter 5, and possibly apply it repeatedly.

In Chapter 7, an extension of ASP is defined which allows for declar-
ing hierarchical structures among program rules. Basically, this hierarchy
permits an elegant way of modeling exceptions, as knowledge supported by
more important rules (with respect to the hierarchy) can yield exceptions to
that supported only by less important rules. It turns out that this formalism
is of the same computational complexity as basic ASP, which allows for a
front-end approach in DLV.

While in Chapter 7 a front-end implementing an extension of ASP is
described, in Chapter 8 front-ends for tasks which are quite different from
ASP are introduced. In particular, we will define front-ends for variations
of diagnostic reasoning.

Finally, in Chapter 9 we will give an overview over other existing front-
ends for DLV.
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Chapter 6

Weak Constraints

Pure ASP programs as defined in Definition 2.1.4 require that answer sets
satisfy all rules. In this setting, it is impossible to state desiderata — proper-
ties which are not strictly required to hold, but which should hold if possible.
We refer to such “soft requirements” as weak constraints. Allowing more
than one weak constraint poses the difficulty that some (sets of) weak con-
straints may be conflicting, and in such cases it is often desirable to define
suitable preferential criteria.

In principle, one could define a preference relation over the elements
in the power set of all ground weak constraints (each set represents the
violated weak constraints w.r.t. some interpretation). However, this is not
practical in general. A more reasonable way of defining these preferences is
to associate a weight to each weak constraint. The preference among sets
of weak constraints is then given by the ordinary less-than relation over the
sums of the weights associated to the constraints in a set. Alternatively,
one could define a partial order on the set of weak constraints, and define a
lexicographic order based on this partial order. In the language we propose,
we combine these two approaches in a reasonable way.

6.1 Syntax and Semantics

We define weak constraints as variants of integrity constraints. In order to
differentiate clearly between these two, we use the symbol :~ instead of «—.
Additionally, a weight and a priority level or layer (inducing a partial order)
of the weak constraint are specified explicitly.

Definition 6.1.1 (Weak Constraints)
A weak constraint w is an expression of the form

i~ b1,...,bg, not bgy1,..., not bm[w : l]

where m >k > 0, by, ..., by, are classical literals, w (the weight), and [ (the
level or layer) are both positive integers. For convenience, w and/or | might
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be omitted and are set to 1 by default. A program P can now also contain
weak constraints.

The sets B(w), B (w), and B~ (w) of a weak constraint w are defined by
viewing w as a regular integrity constraint, and also the grounding of a pro-
gram is defined by employing this view. For a program P, let W C'(P)denotes
the set of weak constraints in P.

Given a ground program P with weak constraints, we are interested in
the answer sets of the part without weak constraints which minimize the sum
of weights of the violated constraints in the highest priority level, and among
them those which minimize the sum of weights of the violated constraints in
the next lower level, etc. This is expressed by an objective function Hz: for
P and an answer set A (fp is an auxiliary function mapping leveled weights
to weights without levels):

fr(l) =1
fp(n) = fp(n —1)- [WCO(P)| - wipes +1, n>1
HY =5 (fp(i) - Syenar wn)
where w) .. and I7 . denote the maximum weight and maximum level of a

weak constraint in P, respectively; NZ-A’73 denotes the set of weak constraints
in level ¢ which are violated by A, and wy denotes the weight of the weak
constraint N. Note that |[WC(P)| - w? .. + 1 is greater than the sum of all
weights in the program, and therefore guaranteed to be greater than any
sum of weights of a single level. If weights in level ¢ are multiplied by fp (1),
it is sufficient to calculate the sum of these updated weights, such that the
updated weight of a violated constraint of a greater level is always greater

than any sum of updated weights of violated constraints of lower levels.

Definition 6.1.2

For a ground program with weak constraints P, A is an (optimal) answer set
of P, if (1) A € AS(P\WC(P)) and (2) HY, is minimal over AS(P\WC(P)).
Let OAS(P) denote the set of all optimal answer sets.

Example 6.1.1
Consider the following program Py, which contains three weak constraints.

aVhb.

bVe.
dV-d— a,c.
i~ a,c. [2:1]
i~ d. [1:1]
i~Db. [3:1]

Puwe \WC(Pye) admits three answer sets: {a,c,d}, {a,c,— d}, and {b}.
OAS(Pye) consists of the single answer set {a, c,d} with weight 2 in level
1.
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6.2 Implementation

Computing optimal answer sets is more complex than computing answer
sets, as those answer sets which are minimal with respect to weak constraint
violation have to be selected among all answer sets. An implementation as
a simple front-end is therefore not feasible.

Instead, we have integrated weak constraint handling tightly into DLV.
Obviously, the program parsing and grounding have to be adapted to ac-
commodate weak constraints. These modifications are quite straightforward
and will not be discussed here. The critical change has to be applied inside
the Model Generator.

First of all, the Model Generator will in general be applied twice: Once
to determine the least cost among all answer sets, and a second time to
actually compute those answer sets with that least cost. This two-pass
approach avoids a potentially exponential space consumption by doubling
the runtime in the worst case.

To see why a one-pass approach would lead to a possibly exponential
space consumption, note that the optimal cost of an answer set cannot be
known before having computed all answer sets. So all currently optimal
answer sets would have to be stored during a one-pass computation — since
there might be exponentially many answer sets, exponential space could be
consumed by this caching. Nevertheless, we cache the currently best answer
set. Frequently, one wants to compute at most one optimal answer set, and
in this case pass two can be saved.

So in the presence of weak constraints, the model generator acts in two
modes:

1. Optimal cost unknown — compute the optimal cost.
2. Optimal cost fixed — compute answer sets with optimal cost.

The partial interpretations in the Model Generator are extended to in-
clude a cost value. So at each point of the computation, the minimum cost of
any answer set extending the current partial interpretation is known. Det-
Cons is updated to adjust this value whenever a weak constraint becomes
definitely violated. It can also make use of this value, if for example the
truth of some atom is necessary to satisfy a weak constraint, which would
raise the current cost to a value greater than the currently optimal cost in
the first phase. In the second phase, backtracking is possible as soon as a
current cost higher than the optimal cost is reached. For heuristics, one can
formulate a criterion which tries to keep the cost as low as possible.

These modifications and also the semantics of optimal answer sets are
discussed in-depth in [62]. We have included this extension in this thesis to
document the whole spectrum of our work on language extensions, which
have been conducted so far.
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Chapter 7

Inheritance

Answer Set Programs (as defined in Chapter 2) are now widely recognized
as a valuable tool for knowledge representation and commonsense reason-
ing [9, 88, 68]. One of the attractions of disjunctive logic programming is
its ability to naturally model incomplete knowledge [9, 88]. The need to
differentiate between atoms which are false because of the failure to prove
them true (NAF) and atoms the falsity of which is explicitly provable led
to extend disjunctive logic programs by strong negation [68]. Strong nega-
tion, permitted also in the heads of rules, further enhances the knowledge
modeling features of the language, and its usefulness is widely acknowledged
in the literature [3, 9, 78, 4, 112, 5]. However, it does not always allow to
represent default reasoning with exceptions in a direct and natural way. In-
deed, to render a default rule r defeasible, r must at least be equipped with
an extra negative literal, which “blocks” inferences from r for abnormal in-
stances [70]. For instance, to encode the famous nonmonotonic reasoning
(NMR) example stating that birds normally fly while penguins do not fly,
one should write the rule

fly(X) < bird(X),not — £1y(X).
along with the fact
— fly(penguin).

In [20, 21] we have proposed an extension of disjunctive logic program-
ming by inheritance, called DLP<. The addition of inheritance enhances the
knowledge modeling features of the language. Possible conflicts are solved
in favor of the rules which are “more specific” according to the inheritance
hierarchy. This way, a direct and natural representation of default reasoning
with exceptions is achieved (e.g., defeasible rules do not need to be equipped
with extra literals as above — see Section 7.3).

In this chapter, we will review some aspects of DLP<:
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e We formally define the DLP< language, providing a declarative model
theoretic semantics of DLP<, which is shown to generalize the Answer
Set Semantics of [68].

e We illustrate the knowledge modeling features of the language by
encoding classical nonmonotonic problems in DLP<. Interestingly,
DLP*< also supplies a very natural representation of frame axioms.

e We analyze the computational complexity of reasoning over DLP<
programs. Importantly, while inheritance enhances the knowledge
modeling ability of disjunctive logic programming, it does not cause
any computational overhead, as reasoning in DLP< has exactly the
same complexity as reasoning in disjunctive logic programming.

e We compare DLP< to related work proposed in the literature. In
particular, we stress the differences between DLP< and Disjunctive
Ordered Logic (DOL) [22, 23]; we point out the relation to the Answer
Set Semantics of [68]; we compare DLP< with prioritized disjunctive
logic programs [112]; we analyze its relationships to inheritance net-
works [119] and we discuss the possible application of DLP< to give
a formal semantics to updates of logic programs. [2, 90, 79, 53, 54].

e We implement a DLP< system. To this end, we first design an efficient
translation from DLP< to plain disjunctive logic programming. Then,
using this translation, we implement a DLP< evaluator on top of the
DLV system [60]. It is part of DLV and can be freely retrieved from [63].

The sequel of the chapter is organized as follows. The next two sections
provide a formal definition of DLP<; in particular, its syntax is given in
Section 7.1 and its semantics is defined in Section 7.2. Section 7.3 shows
the use of DLP< for knowledge representation and reasoning, providing
a number of sample DLP< encodings. The main issues underlying the
implementation of our DLP< system are tackled in Section 7.6.

7.1 Syntax of DLP<

This section provides a formal description of syntactic constructs of the
language.

Variables, constants, predicates, atoms, classical literals and NAF liter-
als are defined as in Section 2.1. Additionally, we consider a finite partially
ordered set of symbols (O, <), where O is a set of strings, called object iden-
tifiers, and < is a strict partial order (i.e., the relation < is: (1) irreflexive
—c#£c VYee O, and (2) transitive —a <bAb<c=a <c VYa,b,ce ).

A rule r is an expression of the form
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arV...Vay < by,..., bg,not bgy1,...,n0t by, Q n>1m>0
where ay, ..., ap,b1,..., by, are literals, and ) is either (1) the symbol ’.” or
(2) the symbol "!". In case (1) r is a defeasible rule, in case (2) it is a strict
rule.

The disjunction a; V ...V a, is the head of r, while the conjunction b1,
.oy by, not bgy1,...,n0t by, is the body of r. by, ..., by is called the positive
part of the body of r and not bgy1,...,not by, is called the NAF (negation
as failure) part of the body of r. As in Section 2.1, we denote the sets of
literals appearing in the head, in the positive, and in the NAF part of the
body of a rule r by H(r), B™(r), and B~ (r), respectively.

If the body of a rule r is empty, then r is called fact. The symbol '« is
usually omitted from facts.

An object o is a pair (0id(0),X(0)), where oid(0) is an object identifier
in O and 3(0) is a (possibly empty) set of rules.

A Eknowledge base on O is a set of objects, one for each element of O.

Given a knowledge base K and an object identifier o € O, the DLP<
program for o (on K) is the set of objects P = {(0/,X(0')) e K |o=0"or o <
o'}.

The relation < induces a partial order on P in the obvious way, that is,
given o; = (0id(0;),%(0;)) and o; = (0id(0;), X(05)), 0; < oj iff oid(0;) <
oid(o;) (read “o; is more specific than o0;”).

Informally, a knowledge base can be viewed as a set of objects embedding
the definition of their properties specified through disjunctive logic rules,
organized in an IS-A (inheritance) hierarchy (induced by the relation <). A
program P for an object o on a knowledge base K consists of the portion of
K 7seen” from o looking up in the IS-A hierarchy. Thanks to the inheritance
mechanism, P incorporates the knowledge explicitly defined for o plus the
knowledge inherited from the higher objects.

If a knowledge base admits a bottom element (i.e., an object less than
all the other objects, by the relation <), we usually refer to the knowledge
base as “program”, since it is equal to the program for the bottom element.

Moreover, we represent the transitive reduction of the relation < on
the objects.! An object o is denoted as oid(o) : o01,...,0, X(0),> where
(oid(0),01), ..., (0id(0),0,) are exactly those pairs of the transitive reduc-
tion of <, in which the first object identifier is 0id(0). o is referred to as
sub-object of 01,...,04.

Example 7.1.1
Consider the following program P1y:

01 {aV-b«c,notd. e«<D! }
o2:01{b. —aVec. c«<b.}

!(a,b) is in the transitive reduction of < iff @ < b and there is no ¢ such that a < ¢ and
c<b.
2The set X(0) is denoted without commas as separators.
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P1o consists of two objects o1 and 0y. 05 Is a sub-object of 0. According to
the convention illustrated above, the knowledge base on which P+ is defined
coincides with P, and the object for which Py is defined is oy (the bottom
object).

7.2 Semantics of DLP~

In this section we assume that a knowledge base K is given and an object o
has been fixed. Let P be the DLP<program for o on K. The Universe Up
and the Base Bp of a program P is defined as in Section 2.2. Let the ground
instantiation Ground(r) of a rule r be defined as in Section 2.2. We denote
by Ground(P) the (finite) multiset of all instances of the rules occurring
in P. The reason why Ground(P) is a multiset is that a rule may appear
in several different objects of P, and we require that the respective ground
instances are distinct. Hence, we can define a function obj _of from ground
instances of rules in Ground(P) into the set O of the object identifiers,
associating with a ground instance 7 of r the (unique) object of 7.

A subset of ground literals in Bp is said to be consistent if it does not
contain a pair of complementary literals. An interpretation I is a consistent
subset of Bp. Given an interpretation I C Bp, a ground literal (either
positive or negative) L is true w.r.t. I if L € I holds, and L is false w.r.t. [
otherwise.

Given a rule r € Ground(P), the head of r is true in I if at least one
literal of the head is true w.r.t I. The body of r is true in I if: (1) every
literal in BT (r) is true w.r.t. I, and (2) every literal in B~ (r) is false w.r.t.
1. A rule r is satisfied in I if either the head of r is true in I or the body of
r is not true in 1.

Next we introduce the concept of a model for a DL P<-program. Different
from traditional logic programming, the notion of satisfiability of rules is not
sufficient for this goal, as it does not take into account the presence of explicit
contradictions. Hence, we first present some preliminary definitions.

Given two ground rules r1 and o we say that ry threatens ro on a literal
Lif (1) =.L € H(r1) and L € H(ra), (2) obj-of(r1) < obj-of(rz) and (3) 72
is defeasible,

Definition 7.2.1
Given an interpretation I and two ground rules 71 and 79 such that 7y
threatens ro on L we say that r1 overrides ro on L in I if: (1) =.L € I, and
(2) the body of 79 is true in I.

A (defeasible) rule r € Ground(P) is overridden in I if for each L € H(r)
there exists 1 € Ground(P) such that r; overrides 7 on L in I.

Intuitively, the notion of overriding allows us to solve conflicts arising
between rules with complementary heads. For instance, suppose that both
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a and — a are derivable in I from rules r, and r- 4, respectively. If r, is
more specific than r— , in the inheritance hierarchy and r-, is not strict,
then r_ , is overridden, meaning that a should be preferred to — a because
it is derivable from a more trustable rule.

Observe that, by definition of overriding, strict rules cannot be overrid-
den, since they are never threatened. Also note that strict rules can be
emulated by non-strict rules, if all of them are put into an object which is
isolated from all other objects.

Example 7.2.1

Consider the program Py of Example 7.1.1. Let I = {— a,b,c,e} be an in-
terpretation. Rule — a V c. in the object o4 overrides rulea VvV — b < c,not d.

in o1 on the literal a in I. Moreover, ruleb. in o5 overridesruleaV — b « c,not d.
in o1 on the literal = b in I. Thus, the rule aV — b « c,not d. in 04 is over-
ridden in 1.

Example 7.2.2
Consider the following program P1y:

01 {—|a! - b. }
0:01 {a<notb. b« nota.}

Consider now the interpretations My = {a,— b} and My = {b,— a}. While
the rule — b. is overridden in My, the rule — a! cannot be overridden since it
is a strict rule. Due to overriding, strict rules and defeasible rules are quite
different from the semantic point of view. In our example, the overriding
mechanism allows us to invalidate the defeasible rule —b. in favor of the
more trustable one b < not a. (w.r.t. the interpretation My). In words, the
defeasible rule is invalidated in My because of a more specific contradictory
rule and no inconsistency is generated. In other words, it is possible to find
an interpretation containing the literal b (i.e., stating an exception for the
rule = b.) such that all the rules of P11 are either satisfied or overridden (i.e.,
invalidated) in it. Such an interpretation is just M. This cannot happen
for the strict rule — al. Indeed, no interpretation containing the literal a
(i.e., stating an exception for the strict rule) can be found which satisfies all
non-overridden rules of P11. O

In the example above we have implicitly used the notion of model for a
program P that we next formally provide. A model for a program is an
interpretation satisfying all its non overridden rules.

Definition 7.2.2

Let I be an interpretation for P. Then, I is a model for P if every rule in
Ground(P) is satisfied or overridden in I. Moreover, I is a minimal model
for P if no (proper) subset of I is a model for P. O
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Note that strict rules must be satisfied in every model, since they cannot
be overridden.

Example 7.2.3

It is easy to see that My = {a,— b} is not a model for the program Py of
Example 7.2.2 since the rule — a! is neither overridden nor satisfied. On
the contrary, My = {b, - a} is a model for P11, since = b. is overridden by
the rule b « not a. The latter rule is satisfied since b € My. The rule — a!
is satisfied as = a € My and the rule a < not b. is satisfied since both body
and head are false w.r.t. M,.

Next we define the transformation G; based on which our semantics is
defined. This transformation applied to a program P w.r.t. an interpreta-
tion I output a set of rules G;(P) with no negation by failure in the body.
Intuitively, such rules are those remaining from Ground(P) by (1) elimi-
nating the rules overridden in the interpretation I, (2) deleting rules whose
NAF part is not “true” in I (i.e., some literal negated by negation as fail-
ure occurs in I) and (3) deleting the NAF part of all the remainder rules.
Since the transformation encodes the overriding mechanism, the distinction
between strict rules and defeasible rules in G(P) is meaningless (indeed,
there is no difference between strict and defeasible rules except for the over-
riding mechanism where the upper rule is required to be defeasible). For
this reason the syntax of rules in G7(P) can be simplified by dropping the
symbol . from defeasible rules and the symbol ! from strict rules.

Definition 7.2.3

Given an interpretation I for P, the reduction of P w.r.t. I, denoted by
G(P), is the set of rules obtained from Ground(P) by (1) removing every
rule overridden in I, (2) removing every rule r such that B~ (r)N1 # 0, (3)
removing the NAF part from the bodies of the remaining rules. O

Example 7.2.4

Consider the program Pyg of Example 7.1.1. Let I be the interpretation
{— a,b,c,e}. Asshown in Example 7.2.1, ruleaVV = b < c,not d. is overrid-
den in I. Thus, G;(Pio) is the set of rules {—aVc. e« b. b. c+«b.
}. Consider now the interpretation M = {a,b,c,e}. It is easy to see that
Gu(Po)={aV-b«—c. —aVc. e<Db b c«b.}.

We observe that the reduction of a program is simply a set of ground
rules. Given a set S of ground rules, we denote by pos(S) the positive
disjunctive program (called the positive version of S), obtained from S by

considering each negative literal = p(X) as a positive one with predicate
symbol — p.

Definition 7.2.4
Let M be a model for P. We say that M is a (DLP<-)answer set for P if
M is a minimal model of the positive version pos(Gs(P)) of Gy (P). O

71



Note that interpretations must be consistent by definition, so considering
pos(Gr(P)) instead of G (P) does not lose information in this respect.

Note that the notion of minimal model of Definition 7.2.2 cannot be used
in Definition 7.2.4, as G/ is a set of rules and not a DLP< program.

Example 7.2.5
Consider the program P19 of Example 7.1.1:

It is easy to see that the interpretation I of Example 7.2.4 is not an
answer set for Pig. Indeed, although I is a model for pos(Gr(Po)) it is
not minimal, since the interpretation {b, c, e} is a model for pos(G(Po)),
too. Note that the interpretation I’ = {b, c, e} is not an answer set for Pig.
Indeed, Gp(Pip) ={aV—-b«—c. —aVec. e«b. Db c«b. }and
I’ is not a model for pos(G(P1o)), since the rulea V= b « c. is not satisfied
in T,

On the other hand, the interpretation M of Example 7.2.4 is an answer
set for P, since M is a minimal model for pos(Gp;(Pio)). Moreover, it can
be easily realized that M is the only answer set for Pig.

Finally, the program P11 of Example 7.2.2 admits one consistent an-
swer set My = {b, -~ a}. Note that if we replace the strict rule —a! by a
defeasible rule — a., P11 admits two answer sets, namely My = {a, -~ b} and
My, = {b, —~ a}. Asserting — a by a strict rule, prunes the answer set M stating
the exception (truth of the literal a) to this rule.

It is worthwhile noting that if a rule r is not satisfied in a model M, then
all literals in the head of r must be overridden in M.
Let P; be the program

03 {aVb. «Db.}
Og . O3 {"8..}

and Py

01 {a. «b.}
op:01 { 7a. }

Then, {— a} is not a model for program P, because the head literal b
in the head of a V b. is not overridden in M. If we drop b from rule a V b.,
then {— a} is a model of the resulting program Ps.

Observe also that two programs having the same answer sets, such as
o1 and oz (both have the single answer set {— a}), may get different answer
sets even if we add the same object to both of them. Indeed, program Py
has no answer set, while program P has the answer set {— a}.

This is not surprising, as a similar phenomenon also arises in normal
logic programming where P; = {a.} and P, = {a < not b.} have the same
answer set {a}, while P; U{b.} and P, U{b.} have different answer sets
({a,b} and {b}, respectively).
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Finally we show that each answer set of a program P is also a minimal
model of P:

Proposition 7.2.1
If M is an answer set for P, then M is a minimal model of P.

Proof By contradiction suppose M’ is a model for P such that M’ C M.

First we show that M’ is a model for pos(G(P)) too, i.e., every rule
in pos(Gp(P)) is satisfied in M’. Recall that pos(Gp(P)) is the positive
version of the program obtained by applying the transformation G to the
program Ground(P). Consider a generic rule r of Ground(P). Since M’ is
a model for P either (i) r is overridden in M’ or (ii) is satisfied in M.

In case (i), since M’ C M, from Definition 7.2.1 immediately follows
that r is overridden in M too. Thus, r does not occur in G (P) since the
transformation GG; removes all rules overridden in M.

In case (ii) (i.e., r is satisfied in M’), if 7 is such that B~ (r) N M # 0,
then the rule is removed by Gjs. Otherwise, r is transformed by Gy into
a rule r; obtained from r by dropping the NAF part from the body. Since
r is satisfied in M’, also r; is satisfied in M’. As a consequence, all the
rules of pos(Gp(P)) are satisfied in M’, that is M’ C M is a model for
pos(Gr(P)). Thus, by Definition 7.2.4, M is not an answer set for P since
it is not a minimal model of pos(G;(P)). The proof is hence complete.

7.3 Knowledge Representation with DLP<

In this section, we present a number of examples which illustrate how knowl-
edge can be represented using DLP<. To start, we show the DLP< encoding
of a classical example of nonmonotonic reasoning.

Example 7.3.1

Consider the following program Ppeng with O(Ppeng) consisting of three
objects bird, penguin and tweety, such that penguin is a sub-object of
bird and tweety is a sub-object of penguin:

bird { flies. }
penguin : bird { - flies! }
tweety : penguin { }

Unlike in traditional logic programming, our language supports two types
of negation, that is strong negation and negation as failure. Strong nega-
tion is useful to express negative pieces of information under the complete
information assumption. Hence, a negative fact (by strong negation) is true
only if it is explicitly derived from the rules of the program. As a conse-
quence, the head of rules may contain also such negative literals and rules
can be conflicting on some literals. According to the inheritance principles,
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the ordering relationship between objects can help us to assign different
levels of reliability to the rules, allowing us to solve possible conflicts. For
instance, in our example, the contradicting conclusion tweety both flies and
does not fly seems to be entailed from the program (as tweety is a penguin
and penguins are birds, both flies and — flies can be derived from the
rules of the program). However, this is not the case. Indeed, the “lower”
rule = flies. specified in the object penguin is considered as a sort of re-
finement to the first general rule, and thus the meaning of the program is
rather clear: tweety does not fly, as tweety is a penguin. That is, -~ flies.
is preferred to the default rule flies. as the hierarchy explicitly states the
specificity of the former. Intuitively, there is no doubt that M = {— flies}
is the only reasonable conclusion.

The next example, from the field of database authorizations, combines the
use of both weak and strong negation.

Example 7.3.2
Consider the following knowledge base representing a set of security specifi-
cation about a simple part-of hierarchy of objects.

01{
authorize(bob) < not authorize(ann). (7.1)

authorize(ann) V authorize(tom) «— not — authorize(alice).(7.2)

authorize(amy)!
}
O9 01{
— authorize(alice)! (7.4)
}
O3 01{
— authorize(bob)! (7.5)

}

Object o4 is part-of the object o4 as well as oz is part-of o1. Access autho-
rizations to objects are specified by rules with head predicate authorize and
subjects to which authorizations are granted appear as arguments. Strong
negation is utilized to encode negative authorizations that represent explicit
denials. Negation as failure is used to specify the absence of authorization
(either positive or negative). Inheritance implements the automatic propa-
gation of authorizations from an object to all its sub-objects. The overriding
mechanism allows us to represent exceptions: for instance, if an object o in-
herits a positive authorization but a denial for the same subject is specified
in o, then the negative authorization prevails on the positive one. Possible
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loss of control due to overriding mechanism can be avoided by using strict
rules: strict authorizations cannot be overridden.

Consider the program P,, = {(o1,{(7.1),(7.2),(7.3)}), (02,{(7.4)})} for
the object oy on the above knowledge base. This program defines the access
control for the object oy. Thanks to the inheritance mechanism, authoriza-
tions specified for the object o4, to which oo belongs, are propagated also to
0s. It consists of rules (7.1), (7.2) and (7.3) (inherited from o) and (7.4).
Rule (7.1) states that bob is authorized to access object o, provided that no
authorization for ann to access o exists. Rule (7.2) authorizes either ann or
tom to access oo provided that no denial for alice to access o, is derived.
The strict rule (7.3) grants to amy the authorization to access object 0.
Such an authorization can be considered “strong”, since no exceptions can
be stated to it without producing inconsistency. As a consequence, all the
answer sets of the program contain the authorization for amy. Finally, rule
(7.4) defines a denial for alice to access object op. Due to the absence of
the authorization for ann, the authorization to bob of accessing the object
o is derived (by rule (7.1)). Further, the explicit denial to access the ob-
ject oy for alice (rule (7.4)) allows to derive neither authorization for ann
nor for tom (by rule (7.2)). Hence, the only answer set of this program is
{authorize(bob), = authorize(alice), authorize(amy)}.

Consider now the program P,, = {(01,{(7.1),(7.2)}), (03,{(7.5)})} for
the object o3. Rule (7.5) defines a denial for bob to access object os. The
authorization for bob (defined by rule (7.1)) is no longer derived. Indeed,
even if rule (7.1) allows to derive such an authorization due to the ab-
sence of authorizations for ann, it is overridden by the explicit denial (rule
(7.5)) defined in the object oz (i.e., at a more specific level). The body
of rule (7.2) inherited from o4 is true for this program since no denial
for alice can be derived, and it entails a mutual exclusive access to ob-
ject oz for ann and tom (note that no other head contains authorize(ann)
or authorize(bob)). The program P,, admits two answer sets, namely
{authorize(ann), - authorize(bob), authorize(amy)} and {authorize(tom),
— authorize(bob), authorize(amy)} representing two alternative autho-
rization sets to grant the access to the object ogs.

Solving the Frame Problem

The frame problem has first been addressed by McCarthy and Hayes [94],
and in the meantime a lot of research has been conducted to overcome it
(see e.g. [116] for a survey).

In short, the frame problem arises in planning, when actions and fluents
are specified: An action affects some of the fluents, but all unrelated fluents
should remain as they are. In most formulations using classical logic, one
must specify for every pair of actions and unrelated fluents that the fluent
remains unchanged. Clearly this is an undesirable overhead, since with n
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actions and m fluents, n x m clauses would be needed.

Instead, it would be nice to be able to specify for each fluent that it
“normally remains valid” and that only actions which explicitly entail the
contrary can change them.

Indeed, this goal can be achieved in a very elegant way using DLP<: One
object contains the rules which specify inertia (the fact that fluents normally
do not change). Another object inherits from it and specifies the actions
and the effects of actions — in this way a very natural, straightforward and
effective representation is achieved, which avoids the frame problem.

Example 7.3.3
As an example we show how the famous Yale Shooting Problem, which is due
to Hanks and McDermott [72], can be represented and solved with DLP<:

The scenario involves an individual, who can be shot with a gun (or who
can be photographed, in a less violent version). There are two fluents, alive
and loaded, which intuitively mean that the individual is alive and that the
gun is loaded, respectively. There are three actions, load, wait and shoot.
Loading has the effect that the gun is loaded afterwards, shooting with the
loaded gun has the effect that the individual is no longer alive afterwards
(and also that the gun is unloaded, but this not really important), and
waiting has no effects.

The problem involves temporal projection: It is known that initially the
individual is alive, and that first the gun is loaded, and after waiting, the
gun is shot with. The question is: Which fluents hold after these actions
and between them?

In our encoding, the inertia object contains the defaults for the fluents,
the domain object additionally specifies the effects of actions, while the yale
object encodes the problem instance.

For the time framework we use the DLV bounded integer built-ins: The
upper bound n of positive integers is specified by either adding the fact
#maxint = n. to the program or by passing the option —N =n on the
command-line (this overrides any #maxint = n. statement). It is then pos-
sible to use the built-in constant #maxint, which evaluates to the specified
upper bound, and several built-in predicates, of which in this work we just
use #succ(N,N1) , which holds if N1 is the successor of N and N1 < #maxint.

inertia

{

alive(T1) < alive(T), #succ(T, T1). (7.6)
— alive(T1) < — alive(T), #succ(T, T1). (7.7)
loaded(T1) < loaded(T), #succ(T, T1). (7.8)
— loaded(T1) « — loaded(T), #succ(T, T1). (7.9)
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domain : inertia

{

(7.10)
loaded(T1) < load(T), #succ(T,T1)! (7.11)
— loaded(T1) < shoot(T),loaded(T), #succ(T,T1)! (7.12)
— alive(T1) « shoot(T),loaded(T), #succ(T, T1)! (7.13)

}

yale : domain
{ (7.14)
load(0)! wait(1)! shoot(2)! alive(0)! (7.15)

}

The only answer set for this program (and #maxint = 3) contains, be-
sides the facts of the yale object, loaded(1), loaded(2), alive(0), alive(1),
alive(2) and — loaded(3), — alive(3). That is, the individual is alive un-
til the shoot action is taken, and no longer alive afterwards, and the gun is
loaded between loading and shooting.

We want to point out that this formalism is equally suited for solving
problems which involve finding a plan (i.e. a sequence of actions) rather than
doing temporal projection (determining the effects of a given plan) as in the
Yale Shooting Problem: We have to add a rule

action(T) V = action(T) « #succ(T,T1).

for every action, and we have to specify the goal state by a query, e.g.
— alive(3),— loaded(3)?.

Below we consider a classical plan-finding example: The blocksworld
domain and the Sussman anomaly as a concrete problem.

Example 7.3.4
In [61], several planning problems, including the blocksworld problems, are
encoded using disjunctive datalog.

In general, planning problems can be effectively specified using action
languages (e.g. [69, 42, 71, 86]). Then, a translation from these languages
to another language (in our case DLP<) is applied.

We omit the step of describing an action language and the associated
translation, and directly show the encoding of an example planning domain
in disjunctive datalog. This encoding is rather different from the one pre-
sented in [61].

The objects in the blocksworld are one table and an arbitrary number
of labeled cubic blocks. Together, they are referred to as locations.

The state of the blocksworld at a particular time can be fully specified
by the fluent on(B,L,T), which specifies that block B resides on location L
at time T.
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So, first we state in the object bw_inertia that the fluent on is inertial.

bw_inertia
{
on(B,L,T1) < on(B,L,T), #succ(T,T1). (7.16)

}

We continue to define the blocksworld domain in the object bw_domain,
which inherits from the inertia object:

bw_domain : bw_inertia

{

(

on(B,L,T1) < move(B,L, T), #succ(T, T1)! (

- on(B,L,T1) «+ move(B,L1,T),on(B,L, T), #succ(T, T1)! (

— move(B,L, T),on(B1,B,T). (

«— move(B,B1,T),on(B2,B1,T),block(B1). (
«— move(B,B, T). (7.22

(

(

(

(

«— move(B,L, T),move(B1,L1,T),B <> B1. 7.23
— move(B,L, T),move(B1,L1,T),L <> L1. 7.24
loc(table)! 7.25
loc(B) « block(B)! 7.26

}

There is one action, which is moving a block from one location to an-
other location. A move is started at one point in time, and it is completed
before the next time. Rule (7.17) expresses that at any time T, the action
of moving a block B to location L may be initiated (move(B,L,T)) or not
(— move(B,L,T)).

Rules (7.18) and (7.19) specify the effects of the move action: The moved
block is at the target location at the next time, and no longer on the source
location.

(7.20) — (7.24) are constraints, and their semantics is that in any answer
set the conjunction of their literals must not be true.®> Their respective
meanings are: (7.20): A moved block must be clear. (7.21): The target of a
move must be clear if it is a block (the table may hold an arbitrary number
of blocks). (7.22) A block may not be on itself. (7.23) and (7.24): No two
move actions may be performed at the same time.

The time-steps are again represented by DLV’s integer built-in predicates
and constants.

3We use constraints for clarity, but they can be eliminated by rewriting «— B. to
p <« B,not p., where p is a new symbol which does not appear anywhere else in the
program.
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initial: goal:

BER

b2

Figure 7.1: The Sussman Anomaly

What is left is the concrete problem instance, in our case the so-called
Sussman Anomaly (see Figure 7.1):

sussman : bw_domain

{
block(a)! block(b)! block(c)! (7.27)
on(b,table,0)! on(c,a,0)! on(a,table,0)! (7.28)
}

on(c,b, #maxint), on(b, a, #maxint), on(a, table, #maxint)? (7.29)

Since different problem instances may involve different numbers of blocks,
the blocks are defined as facts (7.27) together with the problem instance.*

We give the initial situation by facts (7.28), while the goal situation is
specified by query (7.29). This query enforces that only those answer sets
are computed, in which the conjunction of the query literals is true.

7.4 Computational Complexity

As for the classical nonmonotonic formalisms [89, 91, 109], two important

decision problems, corresponding to two different reasoning tasks, arise in
DLP<:

Brave Reasoning: Given a DLP< program P and a ground literal L,
decide whether there exists an answer set M for P such that L is true
w.r.t. M.

Cautious Reasoning: Given a DLP< program P and a ground literal L,
decide whether L is true in all answer sets for P.

We next prove that the complexity of reasoning in DLP< is exactly the
same as in traditional disjunctive logic programming. That is, inheritance
comes for free, as the addition of inheritance does not cause any computa-
tional overhead. We consider the propositional case, i.e., we consider ground
DLP< programs.

4Note that usually the instance will be separated from the domain definition.
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Lemma 7.4.1
Given a ground DLP< program P and an interpretation M for P, deciding
whether M is an answer set for P is in coNP.

Proof  We check in NP that M is not an answer set of P as follows. Guess
asubset I of M, and verify that: (1) M is not a model for pos(G ;(P)), or (2)
I is a model for pos(Gp(P)) and I C M. The construction of pos(G s (P))
(see Definition 7.2.3) is feasible in polynomial time, and the tasks (1) and
(2) are clearly tractable. Thus, deciding whether M is not an answer set for
P is in NP, and, consequently, deciding whether M is an answer set for P
is in coNP. O

Theorem 7.4.1
Brave Reasoning on DLP< programs is 25 -complete.

Proof Given a ground DLP< program P and a ground literal L, we
verify that L is a brave consequence of P as follows. Guess a set M C Bp
of ground literals, check that (1) M is an answer set for P, and (2) L is true
w.r.t. M. Task (2) is clearly polynomial; while (1) is in coNP, by virtue of
Lemma 7.4.1. The problem therefore lies in ¥4

Y -hardness follows from Theorem 7.5.1 and the results in [43, 56]. O

Theorem 7.4.2
Cautious Reasoning on DLP< programs is 11§’ -complete.

Proof Given a ground DLP< program P and a ground literal L, we
verify that L is not a cautious consequence of P as follows. Guess a set
M C Bp of ground literals, check that (1) M is an answer set for P, and (2)
L is not true w.r.t. M. Task (2) is clearly polynomial; while (1) is in coNP,
by virtue of Lemma 7.4.1. Therefore, the complement of cautious reasoning
is in ¥¥, and cautious reasoning is in I15.

I1£-hardness follows from Theorem 7.5.1 and the results in [43, 56]. O

7.5 Related Work

7.5.1 Answer Set Semantics

Answer Set Semantics, proposed by Gelfond and Lifschitz in [68], is the most
widely acknowledged semantics for disjunctive logic programs with strong
negation. For this reason, while defining the semantics of our language,
we took care of ensuring full agreement with Answer Set Semantics (on
inheritance-free programs).
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Theorem 7.5.1

Let P be a DLP< program consisting of a single object o = (oid(0), %(0)).?
Then, M is an answer set of P if and only if it is a consistent answer set of
Y (o) (as defined in [68]).

Proof  First we show that G(P) is equal to X(0)™ (as defined in [68]):

Deletion rule (1) of Definition 7.2.3 never applies, since for every literal
L and any two rules ri, 72 € Ground(P), obj_of(ri1) £ obj-of(rz) holds,
thus violating condition (1) in Definition 7.2.1 and therefore no rule can be
overridden. It is evident that the deletion rules (2) and (3) of Definition 7.2.3
are equal to deletion rules (i) and (ii) of the definition of II° in §7 in [68],
respectively. The first ones delete rules, where some NAF literal is contained
in M, while the second ones delete all NAF literals of the remaining rules.

Next, we show that the criteria for a consistent set M of literals being
an answer set of a positive (i.e. NAF free) program (as in [68]) is equal to
the notion of satisfaction:

Since the set is consistent, condition (ii) in §7 of [68] does not apply.
Condition (i) says: Lki1,..., Ly, € M (the body is true) implies that the
head is true. This is logically equivalent to “The body is not true or the
head is true”, which is the definition of rule satisfaction.

In total we have that the minimal models of pos(G;(P)) are equal to the
consistent answer sets of ¥(0)M | since answer sets are minimal by definition.

Additionally, we require in Definition 7.2.4 that M is also a model of
P, while in [68] there is no such requirement. However, all minimal models
of pos(Gp(P)) are also models of P: All rules in G/(P) are satisfied, and
only the deletion rules (2) and (3) of Definition 7.2.3 have been applied (as
shown above). So, for any rule r, which has been deleted by (2), some literal
in B~ (r) is in M, so r’s body is not true, and thus r is satisfied in M. If a
rule 7, which has been transformed by (3), is satisfied without B~ (r), then
either H(r) is true or B*(r) is not true, so adding any NAF part to it does
not change its satisfaction status. O

Theorem 7.5.1 shows that the set of rules contained in a single object of
a DLP< program has precisely the same answer sets (according to the def-
inition in [68]) as the single object program (according to Definition 7.2.4).

For a DLP< program P consisting of more than one object, the answer
sets (as defined in [68]) of the collection of all rules in P in general do not
coincide with the answer sets of P.

For instance the program

o {p}
ol:o{-p. }
50On inheritance-free programs, there is no difference between strict and defeasible rules.

Therefore, without loss of generality we assume that rules are of only one type here. This
allows us to drop the symbol (. or ’!’) at the end of the rules of single object programs.
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has the answer set {— p}, while the disjunctive logic program {p. — p.} does
not have a consistent answer set.

Nevertheless, in Section 7.6 we will show that each DLP< program P
can be translated into a disjunctive logic program P’, the semantics of which
is equivalent to the semantics of P. However, this translation requires the
addition of a number of extra predicates.

7.5.2 Disjunctive Ordered Logic

Disjunctive Ordered Logic (DOL) is an extension of Disjunctive Logic Pro-
gramming with strong negation and inheritance (without default negation)
proposed in [22; 23]. The DLP< language incorporates some ideas taken
from DOL. However, the two languages are very different in several re-
spects. Most importantly, unlike with DLP<, even if a program belongs to
the common fragment of DOL and of the language of [68] (i.e., it contains
neither inheritance nor default negation), DOL semantics is completely dif-
ferent from Answer Set Semantics, because of a different way of handling
contradictions.® In short, we observe the following differences between DOL
and DLP<:

e DOL does not include default negation not , while DLP< does.

e DOL and DLP< have different semantics on the common fragment.
Consider a program P consisting of a single object o = (0id(0), X(0)),
where ¥(0o) = {p. —p.}. Then, according to DOL, the semantics of
P is given by two models, namely, {p} and {— p}. On the contrary, P
has no answer set according to DLP< semantics.

e DLP< generalizes (consistent) Answer Set Semantics to disjunctive
logic programs with inheritance, while DOL does not.

7.5.3 Prioritized Logic Programs

DLP< can be also seen as an attempt to handle priorities in disjunctive
logic programs (the lower the object in the inheritance hierarchy, the higher
the priority of its rules).

There are several works on preference handling in logic programming
[35, 18, 70, 100, 78, 107, 112]. However, we are aware of only one previous
work on priorities in disjunctive programs, namely, the paper by Sakama
and Inoue [112]. This interesting work can be seen as an extension of Answer
Set Semantics to deal with priorities. Comparing the two approaches under
the perspective of priority handling, we observe the following:

S Actually, this was a main motivation for the authors to look for a different language.
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e On priority-free programs, the two languages yield essentially the same
semantics, as they generalize Answer Set Semantics and Consistent
Answer Set Semantics, respectively.

e In [112], priorities are defined among literals, while priorities concern
program rules in DLP<.

e The different kind of priorities (on rules vs. literals) and the way how
they are dealt with in the two approaches imply different complexity
in the respective reasoning tasks. Indeed, from the simulation of ab-
ductive reasoning in the language of [112], and the complexity results
on abduction reported in [55], it follows that brave reasoning is ¥£-
complete for the language of [112]. On the contrary, brave reasoning
is “only” ¥¥-complete in DLP<".

[35] deals with non-disjunctive programs, but the authors note that their
semantics-defining transformation “is also applicable to disjunctive logic pro-
grams”. In this formalism, the preference relation is defined by regular atoms
(with a set of constants representing the rules), allowing the definition of
dynamic preferences. However, the semantics of the preferences is based
on the order of rule application (or defeating) and thus seems to be quite
different from our approach.

A comparative analysis of the various approaches to the treatment of
preferences in (V-free) logic programming has been carried out in [18].

7.5.4 Inheritance Networks

From a different perspective, the objects of a DLP< program can also be
seen as the nodes of an inheritance network.

We next show that DLP< satisfies the basic semantic principles which
are required for inheritance networks in [119].

The book [119] constitutes a fundamental attempt to present a formal
mathematical theory of multiple inheritance with exceptions. The start-
ing point of this work is the consideration that an intuitively acceptable
semantics for inheritance must satisfy two basic requirements:

1. Being able to reason with redundant statements, and
2. not making unjustified choices in ambiguous situations.

Touretzky illustrates this intuition by means of two basic examples.

The former requirement is presented by means of the Royal Elephant
example, in which we have the following knowledge: “Elephants are gray.”,
“Royal elephants are elephants.”, “Royal elephants are not gray.”, “Clyde
is a royal elephant.”, “Clyde is an elephant.”

"We refer to the complexity in the propositional case here.
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The last statement is clearly redundant; however, since it is consistent
with the others there is no reason to rule it out. Touretzky shows that an
intuitive semantics should be able to recognize that Clyde is not gray, while
many systems fail in this task.

Touretzky’s second principle is shown by the Nizon diamond example,
in which the following is known: “Republicans are not pacifists.”, “Quakers
are pacifists.”, “Nixon is both a Republican and a quaker.”

According to our approach, he claims that a good semantics should draw
no conclusion about the question whether Nixon is a paci fist.

The proposed solution for the problems above is based on a topological
relation, called inferential distance ordering, stating that an individual A is
“closer” to B than to C iff A has an inference path through B to C. If A is
7closer” to B than to C, then as far as A is concerned, information coming
from B must be preferred w.r.t. information coming from C. Therefore,
since Clyde is ”closer” to being a royal elephant than to being an elephant,
he states that Clyde is not gray. On the contrary no conclusion is taken on
Nixon, as there is not any relationship between quaker and republican.

The semantics of DLP< fully agrees with the intuition underlying the
inferential distance ordering.

Example 7.5.1
Let us represent the Royal Elephant example in our framework:

elephant {gray.}
royal_elephant : elephant {— gray.}
clyde : elephant, royal elephant { }

The only answer set of the above DLP< program is {— gray}.
The Nixon Diamond example can be expressed in our language as follows:

republican {— pacifist.}
quaker {pacifist.}
nixon : republican, quaker {}

This DLP< program has no answer set, and therefore no conclusion is
drawn.

7.5.5 Updates in Logic Programs

The definition of the semantics of updates in logic programs is another
topic where DLP< could potentially be applied. Roughly, a simple for-
mulation of the problem is the following: Given a (V-free) logic program
P and a sequence Uy, ---,U, of successive updates (insertion/deletion of
ground atoms), determine what is or is not true in the end. Expressing
the insertion (deletion) of an atom A by the rule A «— (= A <), we can
represent this problem by a DLP< knowledge base {(to, P), (t1,{U1}), -+,
(tn,{Un})} (ti intuitively represents the instant of time when the update U;
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has been executed), where ¢, < -+ < to.> The answer sets of the program
for t; can be taken as the semantics of the execution of Uy,---,U, on P.
For instance, given the logic program P = {a < b,not c.} and the updates
U; = {b.}, Uy = {c.}, U3 = {— b.}, we build the DLP< program

to {a< Db,c,notd. }

t1: to { b. }

to ity { C. }

ts: to { - b. }

The answer set {a, b, c} of the program for t, gives the semantics of the
execution of U; and U, on P; while the answer set {c} of the program for ts
expresses the semantics of the execution of Uy, U; and Uz on P in the given
order.

The semantics of updates obtained in this way is very similar to the
approach adopted for the ULL language in [79]. Further investigations are
needed on this topic to see whether DLP< can represent update problems
in more general settings like those treated in [90] and in [2]. A comparative
analysis of various approaches to updating logic programs is presented in
[53, 54|, showing that the semantics of common fragments coincide.

7.6 From DLP< to Plain DLP

In this section we show how a DLP< program can be translated into an
equivalent plain disjunctive logic program (with strong negation, but with-
out inheritance). The translation allows us to exploit existing disjunctive
logic programming (DLP) systems for the implementation of DLP<.
Notation.

1. Let P be the input DLP< program.

2. We denote a literal by ¢(X), where X is the tuple of the literal’s argu-
ments, and ¢ represents an adorned predicate, that is either a predicate
symbol p or a strongly negated predicated symbol = p. Two adorned
predicates are complementary if one is the negation of the other (e.g., ¢
and — ¢ are complementary). —.¢ denotes the complementary adorned
predicate of the adorned predicate ¢.

3. An adorned predicate ¢ is conflicting if both ¢(X) and —.¢(Y) occur
in the heads of rules in P.

4. Given an object o in P, and a head literal ¢(X) of a defeasible rule
in ¥(0), we say that ¢ is threatened in o if a literal —.¢(Y) occurs in
the head of a rule in X(0’) where o’ < 0. A defeasible rule r in X(0) is
threatened in o if all its head literals are threatened in o.

81n this context, < should be interpreted as “more recent”.
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The rewriting algorithm translating DLP< programs in plain disjunctive
logic programs with constraints is shown in Figure 7.2.
An informal description of how the algorithm proceeds is the following:

e DLP(P) is initialized to a set of facts with head predicate prec’ rep-
resenting the partial ordering among objects (statement 1).

e Then, for each object o in O(P):

— For each threatened literal ¢(X) appearing in o, rules defining
when the literal is overridden are added (statements 3-7).

— For each rule r belonging to o:

1. If r is threatened, then the rule is rewritten, such that the
head literals include information about the object in which
they have been derived, and the body includes a literal which
satisfies the rule if it is overridden. In addition, a rule is
added which encodes when the rule is overridden (statements
9-12).

2. Otherwise (i.e., if 7 is not threatened) just the rule head
is rewritten as described above, since these rules cannot be
overridden (statements 13-15).

e For all adorned predicates in the program, we add a rule which states
that an atom with this predicate holds, no matter in which object
it has been derived (statements 19-23). The information in which
object an atom has been derived is only needed for determination of
overriding.

e Finally, statements 24-28 add a constraint for each adorned predicate,
which prevents the generation of inconsistent sets of literals.

DLP(P) is referred to as the DLP version of the program P.%
We now give an example to show how the translation works:

Example 7.6.1
The datalog version DLP(Pig) of the program Piy of Example 7.1.1 is:
(1) rules expliciting partial order among objects :
prec/(o0y,01).
(2) rules for threatened adorned predicates in o; :
ovr’(a,01) « - a'(X), prec’(X,01).
ovr/(— b,01) <« b'(X), prec/(X, 01).

9 DLP(P) is a function-free disjunctive logic program. Allowing functions could make
the algorithm notation more compact, but would not give any computational benefit.
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ALGORITHM
INPUT: a DLP<-program P
OUTPUT: a plain disjunctive logic program with constraints DLP(P)

1:
2:
3:

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:

DLP(P) < {prec(o,01) — | o< o1}
for each object 0 € O(P) do
for each threatened adorned predicate ¢ in 0o do
Add the following rule to DLP(P):
ovr’(¢,0, X1, ..., X)) — ¢/ (X, X1,...,X,),pred (X, 0)
where n is the arity of ¢ and X, X1,..., X, are distinct variables.
end for
for each rule r in $(0), say ¢1(X1) V...V ¢,(X,) « BODY, do
if r is threatened then
Add the following two rules to DLP(P):
¢ (0, X1)V... V¢l (0,X,) « BODY, not ovr'(r,0, X1,...,X,)
ovr'(r,0, X1,...,Xy) < ovr'(¢1,0, X1), ..., 007" (¢, 0, X1,)
else
Add the following rule to DLP(P):
#(0,X1) V...V ¢l(0,X,) — BODY
end if
end for
end for
for each adorned predicate ¢ appearing in P do
Add the following rule to DLP(P):
(X1, ..., Xp) — ¢ (Xo, X1,...,Xn)
where n is the arity of ¢ and X, ..., X,, are distinct variables.
end for
for each conflicting adorned predicate ¢ appearing in P do
Add the following constraint to DLP(P):
— d( X1, ., X)), (X, X))
where n is the arity of ¢ and Xq,..., X, are distinct variables.
end for

Figure 7.2: A Rewriting Algorithm
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(3) rewriting of rules in o; :
a’(o1) V- b/(01) < c,not d,not ovr/(ry, 01).
ovr’(ry,01) < ovr'(a,01),0vr'(— b,04).
e’(o1) « D.
(4) rewriting of rules in oy :
a’(02) V c'(02).

b/(Og).
c/(0g) < b.
(5) projection rules :
a «— a/(X). —a«— - a'(X).

b—b(X). —be b (X).
c « c/(X). d — d'(X).
e — e'(X).
(6) constraints :
—a,—a.

«— b,— b.

Given a model M for DLP(P), w(M) is the set of literals obtained
from M by eliminating all the literals with a “primed” predicate symbol,
i.e. a predicate symbol in the set {prec’,ovr’} U{¢' | 3 an adorned literal
#(X) appearing in P}. (M) is the set of literals without all atoms which
were introduced by the translation algorithm.

The DLP version of a DLP<-program P can be used in place of P
in order to evaluate answer sets of P. The result supporting the above
statement is the following;:

Theorem 7.6.1

Let P be a DLP<-program. Then, for each answer set M for P there exists
a consistent answer set M’ for DLP(P) such that w(M') = M. Moreover,
for each consistent answer set M’ for DLP(P) there exists an answer set M
for P such that m(M') = M.

Proof First we show that given an answer set M for P there exists a
consistent answer set M’ for DLP(P) such that 7(M') = M. We proceed
by constructing the model M’. Let K1 = {prec’(0,01) | 0 < 01}. Let K3 be
the set of ground literals ovr’(r, 0, X) such that there exists a (defeasible)
rule r € Ground(P) with obj_of(r) = o such that r is overridden in M and
X is the tuple of arguments appearing in the head of . Let K3 be the set of
ground literals ovr’(L, 0) such that there exist two rules r,r’ € Ground(P)
such that L € H(r), r is defeasible and ' overrides r in L. Let denote by
K the collection of sets of ground literals such that each element K € K
satisfies the following properties:

1. for each literal ¢(X) € M there is a literal ¢/(0, X) in K, for some
object identifier o,
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2. for each r € G (P) such that the body of r is true in M, for at least
one literal ¢(X) of the head of r a corresponding literal ¢'(obj_of (r), X)
occurs in K,

3. K C {¢'(0,X) | #(X) is an adorned predicate appearing in P A o €
O},

4. K is a consistent set of literals.

First observe that the family K is not empty (i.e., there is at least a set
of consistent sets of literals satisfying items (1), (2) and (3) above). This
immediately follows from the fact that M is an answer set of the program
P.

Let Mg = K1UKyUK3UKUM, for a generic K € K. It is easy to show
that Gar (DLP(P)) is independent on which K € K is chosen. Indeed, no
literals from K appear in the NAF part of the rules in Ground(DLP(P)).

Now we examine which rules the program pos(Gr,, (DLP(P))) contains
(for any set K € K).

Both the rules with head predicate prec’ and ovr’ and the rules of the
form ¢(X) < ¢/(X, X) (added by statement 21 of Figure 7.2) appear un-
changed in pos(G s, (DLP(P))). Indeed, these rules do not contain a NAF
part (recall that the GL transformation can modify only rules in which a
NAF part occurs). Each constraint of DLP(P) (added by statement 26 of
the algorithm), that is a rule of the form b « ¢(X), =.¢(X),not b (where b is
a literal not occurring in M) is translated into the rule b «— ¢(X), ~.¢(X).

The other rules in pos(G s, (DLP(P))) originate from rules of Ground(DLP(P))
obtained by rewriting rules of Ground(P) (see statements 11 and 15 of the
algorithm).

Thus, consider a rule r of Ground(P).

If r is defeasible and overridden in M then the corresponding rule in
Ground(DLP(P)) (generated by statement 11 of the algorithm) contains a
NAF part not satisfied in M, by construction of Ko and K3. Hence, such
a rule appears neither in pos(Gys(P)) nor in pos(Gur, (DLP(P))).

The other case we have to consider is that the rule r is either a strict
rule or a defeasible rule not overridden in M.

First suppose that r is a strict rule or is a defeasible rule not threatened in
M (recall that a rule not threatened in M is certainly not overridden in M).
In this case, the corresponding rule, say r’ in Ground(DLP(P)) (generated
by statement 15 of the algorithm) has the same body of r and the head
modified by renaming predicates (from ¢ to ¢’) and by adding the object o
(from which the rule r comes) as first argument in each head literal. Since
the body of 7’ does not contain literals from K7, Ko, K3 and K, and further
M C Mg (for each K € K), ' is eliminated by the GL transformation
w.r.t. Mg if and only if r is eliminated by the GL transformation w.r.t.
M. Moreover, in case r’ is not eliminated by the GL transformation w.r.t
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My, since the body of r’ does not contain literals from K, K9, K3 and K,
the GL transformation w.r.t. M modifies the body of 7’ in the same way
the GL transformation w.r.t. M modifies the body of r. Thus, each rule
r in pos(Gpr(P)) has a corresponding rule in pos(G yr, (DLP(P))) with the
same body and a rewritten head.

Now suppose that r is a threatened defeasible rule that is not overridden
in M. In this case, the corresponding rule, say r’ in Ground(DLP(P)) (gen-
erated by statement 11 of the algorithm) has the head modified by renaming
predicates (from ¢ to ¢') and by adding the object o as first argument in
each head literal and a body obtained by adding to the body of r a literal of
the form not ovr’(r, 0, X), where o is the object from which r comes, and X
represents the tuple of terms appearing in the head literals of r. Since the
rule 7 is not overridden in M, the literal ovr’(r, 0, X) cannot belong to Ko
and hence cannot belong to My. Thus, the GL transformation w.r.t Mg
eliminates the NAF part of the rule /. As a consequence, also in this case,
each rule in pos(Gp(P)) has a corresponding rule in pos(Gar, (DLP(P)))
with

Now we prove that, for any K € IC, M is a model for pos(Gar, (DLP(P))).
Indeed, rules with head predicate prec’ are clearly satisfied. Further, rules
with head predicate ovr’ are satisfied by construction of set Ko, K3 and
K. Moreover, rules of the form ¢(X) « ¢/(X, X) are satisfied since M C
My and by construction of K. Rules of pos(Gar (DLP(P))) of the form
b« ¢(X),not ¢(X), originated by the translation of the constraints, are
satisfied since M is a consistent set of literals.

Consider now the remaining rules (those corresponding to rules of pos(G s (P))).
Let r be a rule of pos(G . (DLP(P))) and 7’ the rule of pos(Gar(P)) cor-
responding to r. As shown earlier, the two rules have the same body. Thus,
if the body of r is true w.r.t. M, the body of v is true w.r.t. M, since no
literal of My \ M can appear in the body of the rule ' (and hence of the
rule 7). As a consequence, by property (2) of the collection K to which the
set K belongs, the head of the rule r is true in Mg.

Thus, Mk is a model for pos(Gr (DLP(P))).

Now we prove the following claim:

Claim 1. Let M be a model for pos(Gs, (DLP(P))). Then, 7(M) is a
model for pos(Gp(P)).

Proof By contradiction suppose that 7(M) is not a model for pos(G ;s (P)).
Thus, there exists a rule 7 € pos(G(P)) with body true in (M) and head
false in 7(M). Since, as shown earlier, the rule r has a corresponding rule
" in pos(G . (DLP(P))) with the same body of 7 and the head obtained
by replacing each literal ¢(X) of the head of r by the corresponding literal
#'(0, X), where o is the object from which r comes. Since (M) is a model
for pos(Gar (DLP(P))), at least one of the "¢’ literal” of the head of r/
must be true in w(M). Then, due to the presence of the rules of the form
H(X) — ¢(X,X) in pos(Gur, (DLP(P))), (M) must contain also the ”¢
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corresponding literal” belonging to the head of r (contradiction) O

Moreover we prove that each model for pos(G s, (DLP(P)))
(1) contains M, and
(2) belongs to K.

To prove item (1), suppose by contradiction M is a model for pos(G s, (DLP(P)))
such that M N M # M. Thus, 7(M) C M. On the other hand, by Claim 1,
7(M) is a model for pos(Gp(P)). But since M is an answer set for P and
then a minimal model for pos(Gs(P)), a contradiction arises.

Now we have to prove the item (2) above. First observe that the prop-
erties 3. and 4. of the family I are trivially verified by the models of
pos(Gar (DLP(P))). Thus, by contradiction suppose there exists a model
M of pos(Gr,. (DLP(P))) such that it does not satisfy one of the properties
1. or 2. characterizing the family K.

First suppose that property 1. is not satisfied by M, that is, there
is a literal ¢(X) in M such that no corresponding literal ¢’(o, X) occurs
in M, for some object identifier 0. Let M’ be the set obtained by M by
eliminating all such literals ¢(X). It is easy to see that M’ is still a model
for pos(G . (DLP(P))). Indeed, rules of the form ¢(X) « ¢'(X, X) are
satisfied since literals ¢(X) dropped from M do not have corresponding
7¢ literals” by hypothesis. Further, no other rule in pos(G s, (DLP(P)))
contains a literal from M in the head. On the other hand, by Claim 1, 7(M’)
is a model for pos(Gps(P)). But this is a contradiction, since 7(M') C M
and M is an answer set for P.

Suppose now that property 2. is not satisfied by M, that is, there is a
rule 7 € pos(Gpr(P)) such that the body of 7 is true in M and no "¢’ liter-
als” corresponding to literals of the head occur in M. Since, M C M (see
item (1) above), the corresponding rule of pos(Gar, (DLP(P))) is not satis-
fied. But this implies that M can not be a model for pos(Gps, (DLP(P)))
(contradiction).

A consequence of the fact that every model of pos(G s, (DLP(P))) con-
tains M is that every model of pos(G . (DLP(P))) must contain the sets
Ki, K9 and Kj3. because of the rules added by statements 1,5 and 12 of the
algorithm.

Thus, the model M’ = My for K’ € K such that no set K € K exists
such that K C K’ is a minimal model for pos(G s, (DLP(P)), that is, a
consistent answer set for DLP(P). Hence, the first part of the proof is
concluded, since m(M') = M.

Now, we prove that given a consistent answer set M’ for DLP(P), M =
w(M') is an answer set for P.

First we prove that a literal ¢(X) belongs to M if and only if there exits
a literal ¢(o, X) in M’, for some object identifier o.
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Indeed, ¢(X) € M implies that ¢(X) € M’. But since M’ is a minimal
model for pos(G i (DLP(P)), there must exits a rule in pos(Gpp (DLP(P))
with head containing the literal ¢(X) and body true w.r.t. M’ (otherwise
the literal ¢(X) could be dropped from M’ without invalidate any rule of
pos(Gpp (DLP(P)) and thus M’ would not be minimal). Conversely, if
#'(0,X) € M’, for some object identifier o, the literal ¢(X) belongs to M’,
since M’ is a model for pos(Gyp(DLP(P)) and the rule ¢(X) « ¢'(0, X)
belongs to pos(Gyy(DLP(P)). Thus, ¢(X) € M.

Moreover, we prove that every rule of pos(Gyp(DLP(P)) has a cor-
responding rule in pos(Gp(P)) with same body and a head obtained by
replacing the ¢’ literals with the ¢ corresponding ones and by eliminating
the object argument from these literals. Indeed, from the above result, the
GL transformation deletes a rule r from Ground(DLP(P)) if either the cor-
responding rule belonging to Ground(P) is overridden in M (due the the
literal not ovr’(r,0, X) occurring in the body of r) or some negated (by
negation not ) literal is false in M’. But this literal is false in M’ if and
only if it is false in M. On the other hand, in case the rule is not deleted
by the GL transformation, its body is rewritten in the same way of the
corresponding rule appearing in pos(Gys(P)).

As a consequence, M is a model for pos(Gps(P)). Indeed, if the body
of a rule r of pos(Gp(P)) is true w.r.t. M, the corresponding rule r’ of
pos(Gap (DLP(P)) has the body true w.r.t. M’. Hence, at least one of the
head literals of " must be true in M’. Let ¢’(0, X) such a literal. As shown
earlier, this implies that ¢(X) belongs to M. But ¢(X) appears in the head
of r and hence r is satisfied in M.

Now we prove that M is minimal. By contradiction, suppose that M C
M is a model for pos(Gps(P)). Consider the literals belonging to the set
M \ M. Because of the correspondence between the rules of pos(G(P))
and the rules of pos(Gpp (DLP(P)), the set of literals obtained from M’ by
eliminating all the literals ¢(X) belonging to the set M \ M as well as the
corresponding ¢’ literals is still a model for pos(Gpp (DLP(P)). But this is
a contradiction, since M’ is a consistent answer set for DLP(P).

Since M is a model for pos(Gp(P)) and is minimal, M = 7(M’) is an
answer set for the program P. Hence the proof is concluded. O

Example 7.6.2

Consider the program Po of Example 7.1.1. It is easy to see that DLP(P1o)

(see Example 7.6.1) admits one consistent answer set M = {prec’ (o2, 01),d’(01), € (01),
b'(02), d(02), ovr' (= b,01), a, €, b, ¢}. Thus, (M) = {a,b,c,e}. On the

other hand, w(M) is the only answer set for Pig, as shown in Example 7.2.5.

Od
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Chapter 8
Diagnosis

In this chapter, we present the Diagnosis Front-end of the DLV system. Di-
agnostic reasoning deals with the problems of finding explanations for some
observed behavior of a system, given a theory or a model of this system and
some hypotheses, which can constitute these explanations. Usually, but not
necessarily, the observed behavior is some failure.

The chapter is organized as follows. To begin with, we describe in Sec-
tions 8.1 and 8.2 the different formal models of diagnosis that are realized
in the front-end. It supports both abductive diagnosis [105, 29], adapted to
the semantics of logic programming [74, 55], and consistency-based diagnosis
[110, 34].

In our abductive model of diagnosis (Section 8.1), the theory is a disjunc-
tive logic program, whose semantics is given by the set of its stable models
or answer sets [68]. This form of diagnostic reasoning has been recently
proved to be highly expressive, as it is able to represent even problems
located at the third level of the polynomial hierarchy [55]. On the other
hand, the consistency-based diagnosis model (Section 8.2) refers to theories
of first-order logic under classical semantics, similarly to the original defi-
nition by Reiter [110]. For each of the two diagnosis modalities (abduction
and consistency-based), general diagnoses, single-error diagnoses and subset
minimal diagnoses are considered in our model. We then illustrate the vari-
ous kinds of diagnostic reasoning supported in the DLV system by a number
of examples, which demonstrate the power and the simplicity of our model
of diagnosis.

In Section 8.3, we present six translation algorithms (one for each kind
of diagnostic reasoning problem emerging from the discussion above) which
rewrite diagnosis problems into disjunctive logic programs (DLPs), such that
each answer set of such a program corresponds to precisely one diagnosis, and
each diagnosis has some corresponding answer set. In particular, for each
answer set a unique corresponding diagnosis exists. On the other hand, for
each diagnosis a corresponding answer set of the program exists. Running
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such a program with DLV, we obtain all diagnoses of the input diagnosis
problem.

8.1 Abductive Diagnosis over DLP Theories

Abductive diagnostic reasoning has been widely studied in the literature in
the last years (see, e.g., [105, 103, 75, 29, 74, 55]).

Intuitively, a diagnostic problem consists of a description of the system
to be diagnosed, observations of the actual state of the system, and possible
reasons for effects, which are usually errors.

Definition 8.1.1
We define an abductive diagnostic problem (ADP) P as a triple (H, T, O),
where:

e H is a set of ground classical literals referred to as hypotheses.

e T is a Datalog program as described in Section 2.1 and is referred to
as theory.

e O is a set of ground NAF literals and is referred to as observations.

The solutions to an ADP are referred to as abductive diagnoses. In the
following subsections, we describe several notions of reasoning over abduc-
tive diagnostic problems.

8.1.1 General Abductive Diagnosis

In the case of finding general diagnoses, any subset of the hypotheses which
“explains” the observations based on the system description is considered a
diagnosis. By an explanation in the abductive case we understand that the
diagnosis together with the system model gives reason for the observations.

Definition 8.1.2
Given an ADP P = (H, T, O), a general diagnosis is a set A C H, such that
T UA |=p qo holds, where qo is 01, ...,0,7 if O = {01,...,0,}.

Note that our definition incorporates the brave reasoning consequence
operator. In the literature some definitions are based on cautious reasoning,
i.e.,, O must be true in all (stable) models (answer sets) of T'U A. See for
example [55] for a variety of definitions.

Our first example shows how to use disjunction in the system description:

Example 8.1.1
Consider an electric circuit, as shown in Fig. 8.1, consisting of a simple stove
with two hot-plates wired in parallel and a control light, which is on if at
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Figure 8.1: Simplified circuit diagram of a stove.

least one of the plates is in operation. Each plate has a fuse, and it is known
that one of them cannot stand much current and will melt if the current
gets high, but it is not known which.

We assume that there are several equally likely causes of malfunction:
The power supply may fail (in this case —power holds), the bulb may be bro-
ken (broken_bulb holds), or the current may be (unusually) high (high_curr
holds). So our hypotheses are:

Hg, = {broken bulb, —power,high curr}

Now for the system description Tsippe:

—light < —power.

—1light < broken_bulb.

—light < melted _fuse;,melted_fuses.
melted fuse; Vmelted fusey «+— high curr.
hot_plate; < not melted fuse;,not — power.
hot_plate; <+ not melted fusey, not — power.

The first three rules describe situations under which the control light
(emitted by the bulb) is off, namely, if the power fails, the bulb is broken,
or both fuses are melted.

The fourth rule states that, on high current, a fuse will melt.

The last rules state that a hot-plate is heated if there is no power failure

and the fuse is not melted. !
We observe that no light is emitted and that plate 1 is not hot:

Ost = {—1light,not hot_plate;}

The goal is to find diagnoses to the ADP Py = (Hgt, Tst, Ost), which
explain the current situation.

1To keep the example simple, we refrain from modeling switches for the hot-plates.
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Consider now A; = {—power}. Then Ay U Ty has one answer set:
Ay = {—power, —light}

—light is in A1, and hot_plate; is not, so A1 is a valid diagnosis.
Let us examine whether Ay = {broken_bulb} is a valid diagnosis. Ay U
Tt also has only one answer set:

Ag = {broken_bulb, —light,
hot_plate;,hot_plates}

So Ay is not a valid diagnosis, since there is no answer set of As U Ty in
which hot_plate; is not contained.
On the other hand, if we augment As to

As = {broken_ bulb,high curr}

the program As U Ty has two answer sets:

Az = AgU{—1light,melted fusey,
hot_plates}

Ay = AgU{—1light,melted fuse,,
hot_plate;}

One answer set (As) exists in which —light is contained, but hot_plate;
is not, therefore Ag is a valid diagnosis. Note that the observations do not
hold in Ay, albeit it is sufficient that one answer set explains the observations
since we consider brave reasoning.

Other diagnoses for Py are:

—power,high curr
p g
—power, broken _bulb
{-p }
—power,high _curr,broken_bulb
p g

The system description of the next example utilizes the notion of reach-
ability which is easily defined in logic programming (through a recursive
predicate) while it cannot be defined at all in classical first order logic.

Example 8.1.2
Consider a computer network as depicted in Fig. 8.2 (the nodes denote
computers and the arcs represent point-to-point connections).

The network is described by facts of the form connected(x,y), which
state that there is a connection between node x and node y. The main part
of the system description is the notion of reachability: A node is reachable
from another node if there is a path between them and all computers on
that path are online (not off(X)).
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Figure 8.2: Topology of a point-to-point network.

reaches(X,X) < node(X),not off(X)

reaches(X,Z) « reaches(X,Y),
connected(Y, Z),
not off(Z)

The system description Ty,; consists of the facts of connected and the above
rules for reaches.

The hypotheses are given by the assumptions that particular machines
are offline:

Hper = {off(a),off(b),off(c),off(d),off(e), of£(£)}

If we work on computer a and fail to reach e, the observations are given
as follows:
Opet = {not off(a),not reaches(a,e)}

Valid diagnoses are:

{off(e)}

{off(e), off(b)}

{off(e), off(c)}

{off(e), off(d)}

{off(e), off(£)}

{off(e), off(b), off(c)}
{off(e), off(b), off(d)}
{off(e), off(b), off(£)}
{off(e), off(b), off(c), off(d)}
{off(e), off(b), off(c), off(£)}
{off(e), off(b), off(d), of£f(£)}
{off(e), off(b), off(c), off(d), off(£)}
{off (e), off(c), off(d)}
{off(e), off(c), off(£)}
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{off(e), off(c), off(d), off(£f)}
{off(e), off(d), of£(£)}

{off (b), off(£)}

{off (b), off(£), off(c)}
{off(b), off(£), off(d)}

{off (D), of£(£), off(c) off(d)}
{off(c), of£(d), off(£)}

Example 8.1.2 shows that in general many diagnoses are in a sense redun-
dant: If one error is enough to explain the observations, one may additionally
assume several other hypotheses and still be able to explain the observations,
but there is no information gained. So in general it is preferable to require
some additional minimality criterion.

8.1.2 Single Error Abductive Diagnosis

A simple, but commonly used minimality criterion is to require that diag-
noses are made up of exactly one hypothesis each.

Definition 8.1.3
Given an ADP P = (H,T,O), a general diagnosis A of P is a single error
diagnosis, if |A| = 1 holds.

Example 8.1.3

Reconsider Example 8.1.1:
The only single error diagnosis for this example is A = {—power}.
Now reconsider Example 8.1.2:
The only single error diagnosis for this example is {off(e)}.

At least in the case of Example 8.1.2 it is obvious that with the single
error assumption some potentially important diagnoses are missed (those
which do not follow directly from a single error diagnosis by assuming ad-
ditional errors).

Even worse, in many cases (for instance if the observations include
not off(e)) a single error diagnosis does not exist.

8.1.3 Subset Minimal Abductive Diagnosis

A more sensible version of minimality criterion is to require that only those
diagnoses should be considered, which do not contain any subset that is a
diagnosis itself.

Definition 8.1.4
Given an ADP P = (H, T, O), a general diagnosis A of P is a subset minimal
diagnosis, if for every diagnosis A* of P A* ¢ A holds.
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Example 8.1.4
If we reconsider Example 8.1.1, we see that there are two subset minimal
diagnoses: {—power} and {broken_bulb,high curr}.

Now consider Example 8.1.2: There are three subset minimal diagnoses:

{off(e)},
{off(b),off(£)}
{off(c),off(d), off(£f)}

8.2 Consistency-Based Diagnosis

Consistency-based diagnosis has been defined e.g. in [110, 34].

As in the abductive case, we first introduce the general problem formula-
tion and in the following subsections we define several notions of consistency-
based diagnosis.

Definition 8.2.1
A consistency-based diagnostic problem (CDP) P is a triple (H, T, O), where:

e H is a set of ground atoms with predicate name ab (standing for ab-
normal) and is referred to as hypotheses.

e T is a set of first-order sentences and is referred to as theory.

e O is a set of ground NAF literals and is referred to as observations.

In this work, only Herbrand interpretations (resp. models) and function-
free theories where sentences are universally quantified are considered. Fur-
ther, we assume that these sentences are written in clausal form so that they
can be represented by Datalog programs.

H consists of atoms of the form ab(c), meaning that the component c
behaves abnormally.

8.2.1 General Consistency-Based Diagnosis

Definition 8.2.2

Given a CDP P = (H, T, O), a general diagnosis is a set A C H, such that
TUOUAU{=h|h € H\ A} is consistent in the classical sense, i.e. it has a
(two-valued) model.

Note that the consistency-based approach requires a weaker property on
the diagnoses compared to the abductive approach. Indeed, Definition 8.2.2
requires that 77U O U A U {=h|h € H \ A} is consistent in the classical
sense (i.e., it has a model), while Definition 8.1.2 requires the existence of a
stable model (answer set) of T"UA which entails O. Thus, every diagnosis of

99



i1 x1
®
[ X2
® ul
[ —— >
i2
i3 a2
&
[ ol
v u2
—
T = 7

Figure 8.3: Circuit diagram of a full adder

an ADP P = (H,T,O) is also a diagnosis of the corresponding consistency-
based diagnosis problem (provided that hypotheses do not occur in the heads
of the rules), while the converse does not hold in general.

For comparisons between the abductive and consistency-based approaches,
see [106, 77, 30].

Example 8.2.1
Consider the circuit description of a full adder (depicted in Fig. 8.3)*:

For the system description T,4q, we first give definitions for the gates
involved.

The and gates:

out(X,1) « and(X),in1(X, 1), in2(X, 1), not ab(X).
out(X,0) < and(X), in1(X,0),not ab(X).
out(X,0) < and(X),in2(X,0),not ab(X).

The or gates:

out(X,0) « or(X),in1(X,0), in2(X, 0),not ab(X).
out(X,1) « or(X),in1(X, 1),not ab(X).
out(X, 1) « or(X),in2(X, 1),not ab(X).

The xor gates:

out(X,1) « xor(X),in1(X, 1), in2(X,0),not ab(X).
out(X, 1) « xor(X), in1(X,0),in2(X, 1), not ab(X).
out(X,0) « xor(X),in1(X,Y), in2(X,Y),not ab(X).

~—

Then we specify that all in- and outputs are binary-valued:

2This example is taken from [110].
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gate(X) < xor(X).
gate(X) « and(X).
gate(X) < or(X).

in1(X,0) V in1(X, 1) < gate(X).
in2(X,0) V in2(X, 1) < gate(X).
out(X,0) Vout(X,1) « gate(X).

Also, we ensure that an input or output must have only one associated
truth value:

— out(X,0),out(X,1).

— in1(X,0),in1(X,1).
«— in2(X,0),in2(X, 1).

~— —

After these general definitions, we model the circuit wiring:

0 n

0 n

0 n

0 n

0 n

0 n
= ~~ — ~~ — ~ ~ — ~~ —

The hypotheses H,qq are that each of the gates is abnormal (ab):
H,qq = {ab(x1),ab(x2),ab(al),ab(a2),ab(ol)}

It is observed that for the input il : 1,i2 : 0,i3 : 1 the output is
ut:1,u2:0.3

3To save space, we did not model the input and output elements separately. Instead,
we use the uppermost connections to each input and output in Fig. 8.3.
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Ogdd = {in1(x1,1),in2(x1,0), in1(a2, 1), out(x2,1), out(o1,0)}

The smallest general consistency-based diagnoses of the problem P,qq =
<Hadda Tadd, Oadd> are

A; = {ab(x1)}
Ay = {ab(x2),ab(o1)}
Az = {ab(x2), ab(a2)}

These are in fact the subset minimal diagnoses; for general diagnoses,
an addition of any number of hypotheses to the diagnoses above still yields
a diagnosis.

Note that an abnormal component does not necessarily need to exhibit
behavior which is the exact complement of its specified behavior, since we
do not model any fault modes. So assuming one additional component to
be faulty does not necessarily mean that its output is reversed. If this was
true, there would be fewer additional diagnoses.

The full set of all general diagnoses can be described as:

{AUX|A S {Al,AQ,Ag},X QH}

Again it is clear that many diagnoses are irrelevant. Indeed, the original
definition in [110] includes a (subset) minimality criterion.

8.2.2 Single Error Consistency-Based Diagnosis

As in the abductive case, it is often feasible to look for single error diagnoses,
i.e. diagnoses which label exactly one component as abnormal.

Definition 8.2.3
Given a CDP P = (H,T,0O), a general diagnosis A of P is a single error
diagnosis, if |A| =1 holds.

Example 8.2.2
Reconsider Example 8.2.1: The only single error diagnosis for P4 is {ab(x1)}.

8.2.3 Subset Minimal Consistency-Based Diagnosis

In the field of consistency-based diagnostic reasoning, most definitions of
diagnoses include a subset minimality criterion.

Definition 8.2.4
Given a CDP P = (H, T, O), a general diagnosis A of P is a subset minimal
diagnosis, if for every diagnosis A* of P A* ¢ A holds.

Example 8.2.3
As already stated in Example 8.2.1, the subset minimal diagnoses for Pyqq
are Al, AQ and Ag.
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8.3 From Diagnoses to DLP Problems

In this section, we provide several algorithms which transform diagnostic
problems (as defined in Section 8.1) into Datalog programs (as defined in
Section 2.1).

Here we only show algorithms for transforming abductive diagnostic
problems; the transformation algorithms for consistency-based diagnostic
problems use similar techniques and are reported in Appendix B.

We remark that, in some cases, we impose syntactic restrictions on the
diagnosis theory in order to achieve better performance in the implementa-
tion resp. due to complexity issues (i.e., cases which are harder than 25
and thus cannot be expressed by Datalog).

A different approach to the transformation of abductive logic programs
into disjunctive logic programs can be found in [73]. Sakama and Inoue de-
scribe in [111] a transformation from abductive logic programs to disjunctive
logic programs under the possible model semantics, which exploits a similar
idea as our transformation in the general case. To our knowledge, other
translations mapping subset minimal diagnoses to answer sets of disjunctive
logic programs have not been discussed elsewhere.

The basic abductive translation is performed by the function in Fig. 8.4.

A special atom _sol(7) is used to represent membership of hypothesis h; in a
solution. Rules connecting _sol(i) to h; and constraints for the observations
are added to P.
Description of Algorithm 1: Intuitively, if _sol(i) is included in an answer
set, the i-th hypothesis is assumed to hold (i.e., it is part of the diagnosis),
whereas if _notsol(i) is included, the i-th hypothesis is not part of the di-
agnosis. Due to the minimality of answer sets and because _sol and _notsol
do not occur in other heads, it is impossible that both _sol(i) and _notsol()
occur in one answer set.

The rules in instruction (4) of the function in Fig. 8.4 generate a cor-
respondence between the atoms _sol(i)* and the hypotheses h;. If _sol(i)
belongs to an answer set of the program, also h; will be deduced.

The constraints generated by instructions (8) and (10) of the function
in Fig. 8.4 ensure that any solution A entails, through the initial theory T,
the observations (recall that A is an abductive diagnosis if AUT = qo). O

General abductive diagnoses are then computed through the program
which is generated by Algorithm 1. More formally:

4Predicate names starting with an underscore are reserved for DLV internal usage and
cannot be used by the regular user.
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Function AbductionToDLP(P) : DLP

Input: An Abductive Problem P = (H, T, O).
Output: A Datalog program.

var i, j: Integer;

Q: DLP;
begin
(1) Q:=T;
(2)  Let H=(h1,...,hn);
(3) fori:=1tondo
(4) Q= QU {h; « _sol(i).};
(5) Let O=Ho1,...,0m};
(6) for j:=1tomdo
(7) if 0; is a positive literal “a” then
(8) Q := QU {+ not a.};
9) else (x o; is a negative literal “not a” )
(10) Q:=0QU{+—al;
(11) return Q;
end

Figure 8.4: Basic Abductive Diagnosis Translation

Algorithm 1 General Abductive Diagnosis

Function General AbductionToDLP(P) : DLP
Input: An Abductive Problem P = (H, T, O).
Output: A Datalog program.

var Q : DLP;

begin

(1)  Q:= AbductionToDLP(P);

(2) Let H=<(h1,...,hy);

(3) fori:=1tondo

(4) Q := QU {_s0l(i) V _notsol(i).};
5 return Q;
end
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Function AnswerSetToDiagnosis(A) : set of atoms

Input: An answer set A of a program transformed from
a diagnostic problem P = (H, T, O)
Output: A set of atoms (the corresponding diagnosis).

var S : setofatoms;

begin

(1)  S:=0;

(2)  Let H=<(h1,...,hyn);
(3) fori:=1tondo

(4) if _sol(i) € A then
(5) S:=SU{hi};
(6) return Q;

end

Figure 8.5: Translating answer sets to diagnoses

Theorem 8.3.1

Let P = (H,T,O) be an abductive problem and DLP(P) the logic program
generated by Algorithm 1 with input P. Each answer set of DLP(P) cor-
responds to precisely one diagnosis of P, and each diagnosis of P has some
corresponding answer set of DLP(P). In particular, if A is a answer set of
DLP(P), then AnswerSetToDiagnosis(A) (see Fig. 8.5) is a diagnosis for
P.

O

Proof  The rules from instruction (4) of Algorithm 1 generate all pos-
sible diagnosis candidates by assuming either _sol(i) or _notsol(i) for each
hypothesis h;. These candidates are then checked by the rules from Fig. 8.4
as described above. O |

The program for computing a single error diagnosis is generated by Al-
gorithm 2. It is similar to the previous case but introduces a different choice
rule.

Theorem 8.3.2

Let P = (H,T,O) be an abductive problem and DLP(P) the logic program
generated by Algorithm 2 with input P. FEach answer set of DLP(P) cor-
responds to precisely one single error diagnosis of P, and each single error
diagnosis of P has some corresponding answer set of DLP(P). In particular,
if A is an answer set of DLP(P), then AnswerSetToDiagnosis(A) (see Fig.
8.5) is a single error diagnosis for P.

O

Proof This case is very similar to the general one (Algorithm 1 and
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Algorithm 2 Single Error Abductive Diagnosis

Function Single Error AbductionToDLP(P) : DLP

Input: An Abductive Problem P = (H, T, O).
Output: A Datalog program.

var Q : DLP;

begin

(1)  Q:= AbductionToDLP(P);

(2)  Let H=(hy,...,hn);

(3) Q:=QU{s0l(1) V...V _sol(n).};
(4)  return Q;

end

Theorem 8.3.1), the only difference being the generation of the “guess”:
Instead of evaluating all possible combinations of hypotheses (including the
empty set), by virtue of instruction (3) in Algorithm 2 only those instances
are generated (and checked) where exactly one hypothesis is assumed.
Indeed, by the minimality of answer sets, one and only one of the _sol(7)
— which do not appear elsewhere in the head — can be made true. O

Algorithm 3 Subset Minimal Abductive Diagnosis

Function Subset Minimal AbductionT oD LP(P)
: DLP

Input: An Abductive Problem P = (H, T, O)
where T is positive and non-disjunctive.

Output: A Datalog program.

var Q : DLP;

begin

(1)  Q:= General AbductionToDLP(P);

(2)  Q:= QU AbductiveSubset Minimality(P);

(3) return Q;

end

The program for computing subset minimal abductive diagnoses is gen-
erated by Algorithm 3. Basically, it consists of a part which generates a
solution, and a part which checks for minimality. This part is produced by
the function in Fig. 8.6, which is the most complicated function considered

here.

Note that the theory is restricted to be non-disjunctive and nonnegative
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Function AbductiveSubset Minimality(P) : DLP
Input: An Abductive Problem P = (H, T, O)

where T is positive and non-disjunctive.
Output: A Datalog program.

var 1, j: Integer;

Q: DLP;
begin
1) Q=
(2)  Let H=<(h1,...,hy);
(3) fori:=1tondo
(4) Q:= QU { hyp(i).};
(5)  Q:=9QU{s0ll(K,I)— _sol(K), _hyp(I),<> (K,I).};
(6) fori:=1tondo
(7) Q:=QU{ _hi(z,I) «— _soll(i,I).};
(8)  for each r: a(x) <« b1(Z71),...,bn(Tn). € T do
9 Q=QU{ a(@D) — hyp(I), by(@,D)...., bu(ww I}
(10) Let O ={o1,...,0m};
(11) for j:=1tomdo
(12) Q = QU {_notobs(I) — _hyp(I),not __0;(z,I).};
(13)  Q:= QU {.isntsol(0).};
(14)  Q:= QU {.isntsol(I) « _isntsol(K),#succ(K,I), notobs(I).};
(15)  Q:= QU {sntsol(I) « _isntsol(K),#succ(K,I),not _sol(I).};
(16) Q:= QU {« not _isntsol(n)..};
(17) return Q;
end;

Figure 8.6: Subset Minimality Check for Abductive Diagnosis
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because the full subset minimal abductive diagnosis problem over Datalog
theories is in the complexity class £, and thus not expressible in Datalog
(cf. [55]). Subset minimal abductive diagnosis over Datalog programs would
be expressible, but is not considered in order to keep the algorithm compact.

Theorem 8.3.3

Let P = (H,T,O) be an abductive problem and DLP(P) the logic program
generated by Algorithm 3 with input P. Each answer set of DLP(P) corre-
sponds to precisely one subset minimal diagnosis of P, and each subset min-
imal diagnosis of P has some corresponding answer set of DLP(P). In par-
ticular, if A is an answer set of DLP(P), then AnswerSetToDiagnosis(A)
(see Fig. 8.5) is a subset minimal diagnosis for P.

O

Proof

First of all note that <> and #succ are built-in predicates directly
supported by DLV, where <> stands for inequality and #succ(A, B) denotes
A+1=B,ie., “B is the successor of A”.

To compute minimal diagnoses, we extend the general case (Algorithm 1)
with an additional minimality check that is performed by a set of rules
generated by the function AbductiveSubsetMinimality (depicted in Fig. 8.6).

Basically, this minimality check works as follows: Given a diagnosis A
(which is a subset of the hypotheses satisfying the constraints) with n ele-
ments, all the subsets of A having n — 1 elements are generated. If one of
these subsets itself is a diagnosis, then A is rejected.

The rules from instruction (4) of the function in Fig. 8.6 generate a set
of facts _hyp(1),..., _hyp(n) that will be used to enumerate all hypotheses
later on.

The rule from instruction (5) generates the subsets of A as follows: For
any fixed index I (1 < I < n), A; = {soll(K,I) : hxy € A,K # I}
represents the set of all elements of A except the one corresponding to the
I-th hypothesis h;. In other words, _soll(K,I) is true in some answer set
A if and only if _sol(K) is true in A and I # K.

For each of these subsets A; of A, we need to check whether it is a
diagnosis, that is, whether A; entails the observations. If so, we can reject
A because it is not minimal. By means of instructions (8) and (9) we
generate a new version of the theory T parameterized with respect to the
index I of Aj.

The rules generated by instruction (7) install the correspondence between
the elements of A; (stored in _soll1(K,I)) and the hypotheses parameter-
ized with respect to I (i.e., h(Z) becomes __h(T,I), where T stands for the
parameter list of h.)

The rules from instruction (12) check whether the observations are really
entailed by A by means of the parameterized copy of the theory T' that has
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been generated by instructions (8) and (9). If an observation is not entailed
by Ar, then _notobs(I) becomes true. This means that A; is not a diagnosis
and it thus does not invalidate the minimality of A.

If all the subsets A of A verify this condition (that is, _notobs(I) is true
for every I) then A is indeed a minimal diagnosis, otherwise it is rejected.

This final check is performed by the rules from instructions (13), (14),
(15) and (16): If A is a minimal solution, then for each K € {1,...,n}, it
must hold that either (*) hx € A and Ak is not a solution, or (**) hx & A.
Thus, for each K, _isnotsol(K) must be true.

The conditions (*) and (**) are expressed by the rules (14) and (15),
respectively. They process the hypotheses along their ordering, and are
only applicable if the checks for all preceeding hypotheses were successful.
Rule (13) is the initialization, and rule (16) enforces that the check is true
for all hypotheses. O O
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Chapter 9

Further Front-Ends

A number of additional front-ends for DLV have been developed, and we give
here only a brief account on some of them.

9.1 Planning Front-End

The DLV X Planning System is a knowledge based planning system. Its
language is KC, which is similar in spirit to the language C [71, 86, 84]. K
offers the following distinguishing features:

e handling of incomplete knowledge
e parallel actions
e nondeterministic effects

e secure (conformant) planning

We have implemented an operational prototype supporting the X lan-
guage as a front-end on top of the DLV system [60, 45]. This front-end
transforms /C files, the syntax of which is described in the following, and
(optionally) also background knowledge in the form of stratified datalog
programs to answer set programs such that the answer sets of the trans-
formed programs correspond to K plans.

A detailed account of the language K is given in [52], the front-end itself
is the topic of [51]. A preliminary report on the front-end can be found in
[48]; system descriptions have been published as [50] and [49].

9.2 SQL3 Front-End

DLV also offers an SQL3 front-end, based on the ISO/ANSI SQL standard
of 1999. This front-end translates a subset of SQL3 query expressions to
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datalog queries and supports recursive query processing such as the list-of-
materials problem, where we have items that consist of other items that
again consist of other items and so forth, and have to transform this tree
structure into a list of all dependencies.
Since there are no column names in datalog, we introduced the construct
DATALOG SCHEMA Relationname(Columnname, ...);
which creates a connection between the parameters of a datalog predicate
and the column names of an SQL table.

Example 9.2.1 (List of Materials)
Consider the canonical list of materials query:

DATALOG SCHEMA consists_of (major,minor);

WITH RECURSIVE listofmaterials(major,minor) AS
(
SELECT c.major, c.minor FROM consists_of AS c
UNION
SELECT cl.major, c2.minor
FROM consists_of AS cl1, listofmaterials AS c2
WHERE cl.minor = c2.major

)
SELECT major, minor FROM listofmaterials;

This query is translated into

listofmaterials(A,B) « consists_of(A,B).
listofmaterials(A,B) « consists_of(A,C), listofmaterials(C,B).
sq1l2dl__internO(A,B) « listofmaterials(A,B).

and the elements of sql2d1l__internO are printed in tabular form as the
result.

9.3 Meta-Interpreter Front-Ends

In [46, 47] we have presented a kind of meta-interpretation technique for
prioritized logic programs, which can be used to compute preferred and
weakly preferred answer sets as defined in [19]. In this setting, a special
program — the meta-interpreter — is used in conjunction with a suitably
transformed prioritized program, which forms a fact base. The answer sets
of the meta-interpreter and the transformed input then correspond to the
preferred answer sets.

Note that this is a very lightweight kind of front-end, as the initial trans-
formation is quite simple and the meta-interpreter is the same for any input.
The output transformation is constituted by a simple filter.

In [47] we have elaborated on this approach and have provided additional
meta-interpreters for variants of preferred answer set semantics, based on a
unifying characterization defined in [113].
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9.4 Third-Party Front-Ends

Also other researchers have created front-ends for DLV. The most notable
of these, the plp system, has been described in [36] and is available on its
web-page at http://www.cs.uni-potsdam.de/ torsten/plp/. It can use
DLV or Smodels as a back-end for computing a particular notion of preferred
answer sets.

Another foreign front-end has recently been implemented. It is called nip
and transforms logic programs with nested expressions to Answer Set Pro-
grams. DLV is then used as the kernel to compute answer sets, which are then
post-processed to yield the answer sets of the original program with nested
expressions. A description of this front-end can be found in [102] and on its
web-page http://www.cs.uni-potsdam.de/ torsten/nlp/, from which it
can be downloaded.
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Chapter 10

Conclusions and Future
Work

In this thesis, we have presented methods for enhancing the efficiency and
expressiveness of ASP systems, and in particular of the ASP system DLV,
which is based on disjunctive logic programming.

In the first part we have shown how to improve the efficiency of DLV,
by first analyzing some modules in the system, which are critical for perfor-
mance (Deterministic Consequences and Choice inside the Model Generator)
and have subsequently defined and evaluated advanced methods for these
modules.

In particular, we have defined a method for computing the determinis-
tic consequences, which builds on well-known techniques from satisfiability
checking and was tailored to fit the peculiarities of ASP. A main difference
between satisfiability checking and ASP is the supportedness principle, and
consequently our method exploits knowledge about this ASP feature.

We have also defined several methods for choice heuristics. Here, we have
again ported ideas and heuristics from satisfiability checking to the ASP
setting, and in addition we have defined heuristics based on methods used
in the Smodels system. Moreover, we have also defined a novel heuristics
which also exploits the supportedness principle. These approaches have
been evaluated experimentally, suggesting that the supportedness-oriented
heuristics is competitive.

All of the presented heuristics involve look-aheads, which yields very
powerful heuristics, but often becomes the dominating factor (in a negative
sense) for efficency. Therefore, we have conceived two methods for reducing
the computational overhead of these look-aheads. We have experimentally
assessed the benefit of these techniques and have also shown that a combi-
nation of both approaches yields the best results.

In the second part, we have demonstrated how to enhance the expres-
siveness (seen from the viewpoints of both complexity and knowledge repre-
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sentation) of the ASP system DLV. We have defined various extensions and
front-ends to the basic language, DLP.

The first extension introduces a new construct, weak constraints, allow-
ing for a flexible way of expressing optimality criteria among answer sets.
The associated semantics chooses those answer sets which are optimal with
respect to the weak constraints among all answer sets of the weak constraint
free program. Weak constraints enhance expressiveness both in the context
of knowledge representation and of complexity.

The second extension introduces inheritance hierarchies. It turns out
that this extension yields a more expressive language in terms of knowledge
representation, but computationally it stays in the same complexity class
as the original DLP formalism. It is therefore possible to implement the
resulting language as a front-end to DLV, which has indeed been realized in
the system.

Next, we have shown how to transform diagnostic reasoning — a task,
which is quite different from the basic language — to ASP. We have defined
a front-end which utilizes DLV as a computational kernel for solving various
diagnostic reasoning problems.

Finally, we have mentioned other front-ends, some of which have been
realized in the scope of the DLV project, such as the Planning Front-End, the
SQL3 Front-End, and Front-Ends for computing preferred answer sets, and
some of which have been implemented by other researchers.

In total, we have shown the methods and techniques which make DLV the
state-of-the-art system for full (disjunctive) Answer Set Programming.

The results assert that ASP is a paradigm which allows for straightfor-
ward and clear encodings (by following the Guess & Check principle), and at
the same time for efficient evaluation. We have shown how to speed up this
computation effectively, which is important on the one hand for computing
solutions to large problem instances and on the other hand for easing rapid
prototyping, for which a short response-time of the system is critical.

Furthermore, our work shows that an ASP system is very well-suited as
a kernel system which performs the basic computations for enhanced ASP
formalisms as well as for formalisms which are quite different from ASP, but
for which a computationally easy transformation can be formulated. We be-
lieve that having such front-ends is very important for the success of ASP,
as this technique allows for “hiding” of the logic programming rules. In this
way people can make use of ASP without having to learn a new language
— they can use the language they are used to, which is transparently trans-
formed to the ASP formalism. Also for ASP researchers, this technique
proves to be very useful, as DLV can serve as a testbed for experimenting
with new languages and semantics by means of (usually straightforward to
implement) front-ends.

Future work will focus on refining the heuristics even more. In particular,
it should be investigated whether feasible heuristics do exist, which do not
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rely on look-aheads, can be feasible. Recent results in satisfiability checking
(manifested in the Chaff solver [97]) suggest this possibility.

But also the other crucial module, computing deterministic consequences,
needs further considerations. In particular, some techniques exist, which
have not been incorporated into DetCons previously, because their com-
putational complexity is prohibitive in general. However, one can identify
syntactical subclasses of programs, for which an efficient implementation of
these operators is feasible and allows the computation of more information.
Preliminary work on this issue has been reported in [25].

Concerning front-ends, many important formalisms are known to be can-
didates for front-ends to DLV. Currently our main focus is on the Planning
Front-End, for which we plan to implement many refinements and exten-
sions.
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Appendix A

Instantiation of the
Hamiltonian Path Program

Here are the rules of the Hamiltonian path program in Figure 5.5, instanti-
ated with example graph 2 of Figure 5.8 on page 47, the encoding of which

is given in Figure 5.9 on page 47:

«— inPath(a,b), inPath(d,b).

< inPath(a,b), inPath(a,c). < inPath(d,b), inPath(a,b).

«— inPath(a,b), inPath(a,d). «— inPath(a,c), inPath(b,c).

«— inPath(a,b), inPath(a,e). «— inPath(b,c), inPath(a,c).

< inPath(a,c), inPath(a,b). < inPath(c,d), inPath(a,d).

< inPath(a,c), inPath(a,d). < inPath(a,d), inPath(c,d).

«— inPath(a,c), inPath(a,e). «— inPath(d,e), inPath(a,e).

< inPath(a,d), inPath(a,b). < inPath(a,e), inPath(d,e).

«— inPath(a,d), inPath(a,c).

«— inPath(a,d), inPath(a,e). «— not reached(b).

< inPath(d,b), inPath(d,e). «— not reached(c).

«— inPath(d,e), inPath(d,b). «— not reached(d).

< not reached(e).

inPath(a,b) V outPath(a,b). reached(b) « reached(a), inPath(a,b).
inPath(a,c) V outPath(a,c). reached(b) « reached(d), inPath(d,b).
inPath(a,d) V outPath(a,d). reached(c) « reached(a), inPath(a,c).
inPath(a,e) V outPath(a,e). reached(c) <« reached(b), inPath(b,c).
inPath(b,c) V outPath(b,c). reached(d) <« reached(c), inPath(c,d).
inPath(c,d) V outPath(c,d). reached(d) <« reached(a), inPath(a,d).
inPath(d,b) V outPath(d,b). reached(e) <« reached(d), inPath(d,e).
inPath(d,e) V outPath(d,e). reached(e) « reached(a), inPath(a,e).
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Appendix B

Consistency-Based Diagnosis

In this appendix we present the algorithms that rewrite CDPs (as defined
in Section 8.2) to disjunctive logic programs (as defined in Section 2.1). As
in the case of ADPs, we will first give the algorithm for generic consistency-
based diagnoses, then for single error and finally for subset minimal diag-
noses.

For consistency based problems, we impose some syntactic restrictions:
As stated after Definition 8.2.1, hypotheses should consist only of the pred-
icate ab, and negative literals in the body are only allowed if the involved
atoms are hypotheses.

Additionally, for subset minimal diagnostic problems we do not allow
disjunctions and hypotheses may only occur negatively (i.e. asnot ab(...)).

The basic consistency-based translation is performed by the function in
Fig. B.1, which is similar to the basic transformation in the abductive case
(see Fig. 8.4). The difference is that positive observations a are translated
to facts a « . instead of constraints «— not a. (lines (10) and (12) in the
function in Fig. B.1).

< not a. is introduced in the abductive case to disallow models in which
the observation a does not hold. In the consistency-based case positive
observations need not be entailed. Rather, if we assume them to hold (by
adding the corresponding fact to the theory), they must not give reason to
inconsistencies. Negative observations need not be inserted as facts, because
of the concept of negation as failure. Rather, we must ensure that the
positive variants of negative observations are not derived (since this would
represent an inconsistency). Therefore we add < not a..

Additionally we have to include constraints for each hypothesis, which
forbids the hypothesis to become true unless the corresponding _sol(i) is
also true (line (6)). If _sol(i) does not hold, the corresponding hypothesis
is assumed to be false (cf. Definition 8.2.2). If the same hypothesis is then
derived (i.e. becomes true), the diagnosis leads to an inconsistency. These
constraints could be omitted if we disallowed hypotheses to occur in the
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Function ConsBasedToDLP(P) : DLP

Input: A Consistency Based Problem P = (H, T, O)
where T is positive (except for hypotheses) and non-disjunctive.
Output: A Datalog program.

var 1, j: Integer;

)
) Let H=(hy,..., hn);
) fori:=1tondo
) q:=qU{h; — _sol(i).};
) fori:=1tondo
6) q:=qU{« h;,not _sol(3).};
)
)
)
0
1

Let O ={o1,...,0m};

8 for j :=1to m do

9 if 0; is a positive literal “a” then

10) q:=qU{a};

11) else (x o; is a negative literal “not a” x)
12) q:=qU{—a.};

13) return g;
end

Figure B.1: Basic Consistency Based Diagnosis Translation
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head of rules in the theory, because then the only way in which hypotheses
could become true is via the corresponding _sol(i).

Algorithm 4 General Consistency-Based Diagnosis
Function GeneralConsBasedToDLP(P) : DLP
Input: A Consistency Based Problem P = (H, T, O)
where T is positive (except for hypotheses) and non-disjunctive.
Output: A Datalog program.
var q: DLP;
begin
(1) ¢q:=ConsBasedToDLP(P);

(2) Let H="(h1,...,hy);

(3) fori:=1tondo

(4) q :=qU{.s0l(i) V _notsol(i).};
(5) return g;

end

Theorem B.0.1

Let P = (H,T,O) be a consistency-based problem and DLP(P) the logic
program generated by Algorithm 4 with input P. There exists a many
to one correspondence between the stable models of DLP(P) and the di-
agnoses of P. In particular, if M is a stable model of DLP(P), then
ModelToDiagnosis(M) (see Fig. 8.5) is a diagnosis for P.

g

Demonstration: As in Algorithm 1, the rules in instruction (4) of Algo-
rithm 4 generate all possible diagnosis candidates by assuming either _sol(7)
or _notsol(i) for each hypothesis h;. These candidates are then checked by
the rules from the function in Fig. B.1, as described above. O

Single error diagnoses of CDPs are translated in analogy to Algorithm 2.
The only difference is that the basic translation is accomplished by the
function ConsBasedToDLP (see Fig. B.1).

Theorem B.0.2

Let P = (H,T,O) be a consistency-based diagnostic problem and DLP(P)
the logic program generated by Algorithm 5 with input P. There exists a
many to one correspondence between the stable models of DLP(P) and a
single error diagnosis of P and vice versa. In particular, if M is a stable
model of DLP(P), then ModelToDiagnosis(M) is a single error diagnosis
for P.

O
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Algorithm 5 Single Error Consistency Based Diagnosis
Function Single ErrorConsBasedToDLP(P) : DLP
Input: A Consistency Based Problem P = (H, T, O)

where T is positive (except for hypotheses) and non-disjunctive.
Output: A Datalog program.

var q : DLP;

begin

(1)  q:=ConsBasedToDLP(P);

(2)  Let H=<(h1,...,hyp);

(3) q:=qU{ssol(l) V...V _sol(n).};

(4)  return g;
end

Demonstration: This case is very similar to the general one (Algorithm
4 and Theorem B.0.1), and as in Algorithm 2, line (3) ensures that exactly
one hypothesis can become true because of the minimality of stable models.
O

Algorithm 6 Subset Minimal Consistency Based Diagnosis
Function Subset MinimalConsBasedToDLP(P)
: DLP

Input: A Consistency Based Problem P = (H, T, O)

where T is positive (except for hypotheses) and non-disjunctive.
Output: A Datalog program.
var q : DLP;
begin
(1) g := GeneralConsBasedToDLP(P);
(2)  q:=qUConsBasedSubset Minimality(P);
(3)  return g;
end

The program for computing subset minimal consistency-based diagnoses
is generated by Algorithm 6. As Algorithm 3, it consists of a part which
generates a solution, and a part which checks for minimality. This part is
produced by the function in Fig. B.2, which in turn is similar to the one
depicted in Fig. 8.6.

Theorem B.0.3
Let P = (H,T,O) be a consistency-based diagnostic problem and DLP(P)
the logic program given by Algorithm 6 with input P. There exists a many
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Function ConsBasedSubsetMinimality(P) : DLP

Input: A Consistency Based Problem P = (H, T, O)
where T is positive (except for hypotheses) and non-disjunctive,
and hypotheses may only occur as negative literals.

Output: A Datalog program.

var 1, j: Integer;

q: DLP;
begin
1) q:=0;
(2)  Let H=<(h1,...,hyp);
(3) fori:=1tondo
(4) q = qU{hyp(i)};
(5) q:=qU{soll(K,I)«— _sol(K), _hyp(I),<> (K,I).};
(6) fori:=1tondo
(7) q:=qU{_hi(Z,I) — _soll(i,I).};
(8)  for each r: a(x) < b1(Z71),...,bn(7n). € T do
9) q:=qU{ a(@ I)— _hyp(I),_b1(T1,1I),...,-bp(Tn,I).};
(10) for each ¢ :— ¢1(Z7),...,cn(Tn). € T do
(11) q:=qU{ notobs(I) — __c1(z1, 1), ..., —cn(Tpn, I), hyp(I).};
(12) Let O ={o1,...,0m};
(13) for j:=1tom do
(14) if 0; is a positive literal “a(Z)” then
(15) q:=qU{a(x,I) — hyp(I).};
(16) else (x o; is a negative literal “not a(T)” *)
(17) q := qU{notobs(I) — _hyp(I),a(Z,I).};
(18) g :=qU{.isntsol(0).};
(19)  q:=qU{lsntsol(I) « _isntsol(K), #succ(K,I), notobs(I).};
(20) q:=qU{Lsntsol(I) «— _isntsol(K),#succ(K,I),not _sol(l).};
(21) g :=qU{< not _isntsol(n).};
(22) return g;
end;

Figure B.2: Subset Minimality Check for Consistency Based Diagnosis

133



to one correspondence between a stable models of DLP(P) and the subset
minimal diagnoses of P and vice versa. In particular, if M is a stable model
of DLP(P), then ModelToDiagnosis(M) (see Fig. 8.5) is a subset minimal
diagnosis for P.

g

Demonstration: The algorithm is based on the same ideas as its abductive
counterpart, as demonstrated after Theorem 8.3.3. Only minor changes have
to be applied to the function which generates the minimality check (depicted
in Fig. 8.6), which stem from the different definition of diagnoses and from
the different syntactical restrictions.

The differences are how the observations are translated (lines (14) to
(17)) and that constraints (and not only rules) have to be parameterized
w.r.t. hypotheses of a diagnosis which has to be checked for subset minimal-
ity (lines (10) and (11)).

The observations are translated in analogy to the basic consistency-based
translation in Fig. B.1.

The reason why constraints must be parameterized in the consistency-
based minimality check, but not in the abductive one is due to the restric-
tions which are imposed on the theories:

In the abductive case, we only allow positive, non-disjunctive theories.
If some hypothesis is omitted from a diagnosis, no additional atoms can be
derived (because the program is positive and non-disjunctive). Therefore, if
a constraint was satisfied for a solution, at least one of its atoms® was false,
and it must also be false for the smaller diagnosis candidate.

In the consistency-based case, hypotheses may occur negatively in bod-
ies. For this reason, if a hypothesis is omitted from a valid diagnosis, a
formerly satisfied constraint may become violated (for example, if the hy-
pothesis which is omitted from the diagnosis occurs negatively in a con-
straint), so parameterized constraints must be included. These constraints
are rewritten to rules — if one of their bodies becomes true, an atom is de-
rived which represents the fact that this subdiagnosis is not a valid diagnosis
(_notobs(I)).

O

!Since only positive theories are allowed, a constraint contains only atoms.
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