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1.

Abstract. Disjunctive Logic Programming (DLP) is an advanced forsralifor knowledge representation
and reasoning. The language of DLP is very expressive anpostgpthe representation of problems of
high computational complexity (specifically, all probleinghe complexity clas& = NPNF). The DLP
encoding of a large variety of problems is often very con@gaple, and elegant.

In this paper, we explain the computational process comynoaiformed by DLP systems, with a focus on
search space pruning, which is crucial for the efficiencyohssystems. We present two suitable operators for
pruning Fitting’s andWell-foundedl, discuss their peculiarities and differences with respeefficiency and
effectiveness. We design an intelligent strategy for canimigi the two operators, exploiting the advantages of
both. We implement our approachinV — the state-of-the-art DLP system — and perform some expetisn
These experiments show interesting results, and evidemette choice of the pruning operator affects the
performance of DLP systems.

Keywords: Artificial Intelligence, Disjunctive Logic Programming P, Non-Monotonic Reasoning, DLP
Computation

Introduction

Disjunctive Logic Programming (DLP) is a declarative agmio to programming, which has been recently pro-
posed in the area of nonmonotonic reasoning and logic pmugiag. Disjunctive Logic Programming (DLP,
which under the stable model semantics is called also AnSe@eProgramming) is a logic programming alterna-
tive to SAT-based programming, which is successfully ardielyi used in the area of Artificial Intelligence [30].
In SAT-based programming, a given computational probfens encoded as a propositional CNF formula the
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models of which correspond to solutionsfa SAT solver is then used to find such models (and thus sakitio
of P). In Disjunctive Logic Programming, a given computatiopabblem P is represented by a DLP program
whose stable models correspond to solutions; a DLP systédmemsused to find such solutions £[36].

The main advantage of Disjunctive Logic Programming ovef-BaAsed programming is the higher expres-
siveness of its language, which enjoys the knowledge nmogi@lower of logic programming features like vari-
ables, negation as failure, and disjunction. Indeed, tlwvliedge representation language of DLP consists of
function-free logic programs where disjunction is allowedhe heads and nonmonotonic negation may occur
in the bodies of the rules. The DLP language supports theseptation of problems of high computational
complexity (specifically, all problems in the complexitass>l = NPNP [20]). Importantly, the DLP encoding
of a large variety of problems is often very concise, simale] elegant [19].

The intended models of a DLP program (i.e., the semantidsegitogram) are subset-minimal models which
are “grounded” in a precise sense; they are cataile model§28].

As an example consider the well-known problem of 3-colditgbivhich is the assignment of three colors to
the nodes of a graph such that adjacent nodes have diffeskmsc This problem is known to be NP-complete.
Suppose that the nodes and the edges are represented by afdatts with predicatesode (unary) ancedge
(binary), respectively. Then the following DLP programoalk us to determine the admissible ways of coloring
the graph given by

r1: color(X,red) V color(X,yellow) V color(X,green) - node(X).
ro: —edge(X,Y), color(X,C), color(Y,C).

Ruler; states that every node of the graph is colored red or yellogreen, whiler, forbids the assignment
of the same color to any adjacent nodes. The minimality dfistanodels guarantees that every node is assigned
only one color. Thus, there is a one-to-one correspondegiveckn the solutions of the 3-coloring problem and
the stable models of' U {r1, 2 }. The graph is 3-colorable if and only & U {r1,r2} has some stable model.

The high expressiveness of Disjunctive Logic Programmimges at the price of a high computational cost
in the worst case, which makes the implementation of effidiiP systems a difficult task.

The core of a DLP system is model generation, where a moddieoptogram is produced, which is then
subjected to a model check. For the generation of models, §ysf@ms typically employ procedures which are
similar to Davis-Putnam procedures used in SAT solvers. ohsSIAT solvers, two factors are fundamentally
important for the efficiency of model generation in DLP: figheuristic(branching rule) for the selection of the
branching literal, i.e., the criterion determining thetél to be assumed true at a given stage of the computation;
and (ii) thepruning operator i.e., the operator computing the consequences detetioalig derivable from the
program rules and the interpretation at hand, which endatfye set of known facts pruning the search space.

Several efforts have been made in the direction of implemegmfficient DLP systems. After some pioneer-
ing work on stable model computation [5, 49], a number of mod2LP systems are now available. The most
widespread DLP systems d@peV [31], GnT [29], and recently also Cmodels-3 [34]. Many other systeappert
various fragments of the DLP language [1, 3, 4, 10, 12, 1117516, 18, 35, 38, 39, 43, 45, 46, 48].

Nevertheless, much work has to be done to make DLP systemgsshitisfactory for modern knowledge-
based applications. The design of new optimization tecles@nd smart algorithms for the computation of DLP
programs is of utmost importance. The present paper godssimirection, focusing on search space pruning,
an extremely critical problem for the performance of DLPtegss. The main contributions of the paper are as
follows:

¢ We describe the main steps of the computational processrpetl by DLP systems with a focus on search
space pruning, which is crucial for efficiency. We analyzegtoperties of the disjunctive extensions of two
well-known pruning operators for logic programmirfgiting’s operator and th&Vell-foundedoperator.
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We carry out an in-depth discussion on their strengths arakmesses w.r.t. efficiency and effectiveness,
deriving new properties on these operators which are fuedsah for their concrete exploitation in DLP
systems.

e We design an intelligent strategy for combining these twomprg operators, which exploits the advantages
of both, starting from several known results establishe@ravious works and focusing on modularity
properties [37, 20, 33], head-cycle free programs [6], Bcywrograms [25], disjunctive unfounded sets
and complexity [33], combining these in a smart way.

e We implement our approach in the DLP systéiy, taking care of efficiency issues and respecting the
known complexity bounds. Indeed, the fixpoints of Fitting{serator are computed in linear time, as are
the Greatest Unfounded Sets (which contribute the negiatigssnces in the Well-founded operator).

e We report experimental results on a number of benchmarkigmbto assess the impact of our approach.
The experiments show that the choice of the pruning opeha®a strong influence on the performance of
DLP systems, and specifically that our technigues conditiemaprove the efficiency of thBLv system.

To our knowledge, this is the first paper that focuses on pgittie search space fdisjunctiveDLP pro-
grams. A number of related works have studied pruning operah the domain of non-disjunctive programs.
The use of the Well-founded operator in the computation efdtable models of non-disjunctive programs has
been first proposed in [32] while its concrete implementaiiva system was first done in [49]. The Well-founded
operator corresponds to thpper closureoperator AtMos) of the Smodels system [41] on non-disjunctive pro-
grams. It has been implemented very efficiently in Smodetmleying a novel optimization technique to localize
the computation [47]. Strictly related, in [8] transfornoat techniques for non-disjunctive programs have been
proposed, for certain combinations of which correspondend-itting’s and Well-founded operators has been
established.

The paper is organized as follows. In Section 2, we introddispunctive Logic Programming and define its
syntax and semantics based on the concept of stable modéhewellustrate the usage of DLP for knowledge
representation and reasoning by showing a couple of examipl&ection 3, we describe the main procedure for
the computation of the stable models semantics. In Sectime present two pruning operators for DIFting’s
(Pp) operator, and th&Vell-foundedWWp) operator. In Section 5, we analyze several interestingeuties of
these pruning operators on some syntactically restrideesses of DLP programs. In Section 6, we design our
new method for the intelligent combination of the pruningi@iors for DLP, and discuss some key issues for
its implementation irDLV . In Section 7, we report the results of our experimentatictividy on a number of
benchmark problems. Finally, Section 8 draws our conchssid’ he two appendices provide further details on
the experiments and problem encodings.

2. Disjunctive Logic Programming

In this section, we first provide a brief introduction to thetax and semantics of Disjunctive Logic Program-
ming; then, we show some examples on the usage of DLP for keutgel representation. For further background
see [19, 28]. In addition, see [2, 13] for comprehensive egs\on the semantics of disjunction and negation in
logic programming.

2.1. Syntax and Notation

Following the convention of Prolog, strings starting withpercase letters denote variables, while those starting
with lower case letters denote constantdeAnis either a variable or a constant.
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An atomis an expressiop(t1, . . .,t,, ), wherep is apredicateof arity n andty,. .. t,, are terms.

A literal [ is either an atonp (positiveliteral) or its negatiomot p (negativeliteral). Two literals are said
to be complementary if they are of the foprandnot p for some atonp. Given a literall, not.l denotes its
complementary literal. Accordingly, given a debf literals,not.L denotes the sgtot.L | L € A}. AsetL
of literals is said to beonsistentf, for every literall € L, its complementary literal is not contained/in

A disjunctive ruleg(rule, for short)r is a formula

ay V .-V ap i=by,--- by, not bgy1,- -+, not by,. ()

whereaq, - - ,a,,b1, -+ , b, are atoms and > 1, m > k > 0. The disjunctioru; Vv --- V a, is thehead
of , while the conjunctiorby, ..., b;, not bg41, ..., not b, is thebodyof r. A rule having precisely one head
literal (i.,e.n = 1) is called anormal rule If the body is empty (i.ek = m = 0), it is called a fact, and the:*”
sign is omitted.

The following notation will be useful for further discussiolf = is a rule of form (1), ther (r) = {aq,. . .,
a, } is the set of the literals in the head aBdr) = B*(r) U B~ (r) is the set of the body literals, whefe™ (r)
(thepositive bodyis {b1,...,b;} and B~ (r) (the negative bodyis {not bx1, ...,not by, }.

A disjunctive logic prograniP is a finite set of rules. Avot-free programpP (i.e., such that/r € P :
B~ (r) = 0) is calledpositive and aVv-free programp (i.e., such that/r € P : |H(r)| < 1) is callednormal
logic program A disjunctive logic program is also calletisjunctive datalog prograranddisjunctive deductive
database A normal logic program is also callathtalog programanddeductive databaseA program isground
if it does not contain variables, ampdopositional if all predicate arities are 0.

Sometimes, we simply refer to programs, if they are notiastt to be positive, normal or ground.

2.2. Semantics
The generally accepted semantics of DLP is the (consisséaih)e models semantics, originally defined in [28].

Herbrand Universe. For any progranP, let Up (the Herbrand Universe) be the set of all constants apgearin
in P. In case no constant appearsinan arbitrary constant is added td/p.

Herbrand Literal Base. For any progranmpP, let Bp be the set of all ground atoms constructible from the
predicate symbols appearing#and the constants &fp.

Ground Instantiation. For any ruler, Ground(r) denotes the set of rules obtained by applying all possible
substitutionsr from the variables im to elements ot/». For any progranP, Ground(P) denotes the following

setGround(P) = U Ground(r). For propositional (i.e., variable-free) progran®,= Ground(P)

r€Rules(P)
holds.

Stable Models. For every progranP, we define its stable models using its ground instantiafienund(P)
in two steps: First we define the stable models of positiveudddive programs, then we give a reduction of
disjunctive programs containing negation as failure tatpr@sones and use it to define stable models of arbitrary
disjunctive programs, possibly containing negation dsifai

A (partial) interpretation for a prograniP is a consistent set of ground literals, ileC Bp Unot.Bp such
that/ Nnot.I = (. A ground literall is true (resp.false w.r.t. I if [ € I (resp.not.l € I); [ is undefinedw.r.t.
I if it is neither true nor false w.r... An interpretatior/ is total if each atom inBp is either true or false w.r.f.
(i.e., no literal is undefined w.r.f). We denote by + andl—, respectively, the set of positive literals and the set
of negative literals occurring in.

!Even if the stable models atetal interpretations, we provide the more general notiopastial interpretation, because the computation
of stable models, described in the next sections, reliegllyemn partial interpretations.
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A total interpretationX is called amodelfor P if, for everyr € Ground(P), H(r) N X # () whenever
B(r) € X. A model M for P is minimalif no model N for P exists such thalvt is a proper subset af/ .
The set of all minimal models foP is denoted byMM(P). For a positive DLP prograr®?, a total interpretation
X is astable modeif X € MM(P).

Example 2.1. 2 For the positive prograr®; = {a V b.}, the (total) interpretation§a, not b} and{b, not a}
are its minimal models (i.eMM(P;) = { {a, not b}, {b, not a} }), and they are therefore the stable models
of P.

For the progranP, = {a V b., b:-a., a:=b.}, {a, b} is the only stable model.

ProgramPs; = {a V b., b:-a.} has only the stable modéb}.

Definition 2.1. The reductor Gelfond-Lifschitz transfornef a ground progran® w.r.t. an interpretationX is
the positive ground prograf~, obtained fronP by

e deleting all rules- € P for which B~ (r) Nnot.X # ) holds (i.e., a negative body literal is false);

¢ deleting the negative body from the remaining rules.

A stable model of a (general DLP) progréais a total interpretationX of P such thatX is a stable model
of Ground(P)X.

Example 2.2. Let Py = {aVb:-c., b:-not a,not c. aVc:-not b.}. Consider] = {b, not a, not c}. Then,
Pl = {aVb:-c., b.}.Itis easy to verify thaf is a minimal model fofP}; thus, I is a stable model foP.

2.3. Knowledge Representation and Disjunctive Logic Progtmming

In this section we illustrate how a DLP language can be usekifowledge representation. Encoding problems
can be performed in a highly declarative fashion, followintguess&check” paradigm, as described in [19]. We
will recall this technique and will then illustrate how toy it on a couple of examples.

Many problems, also problems of comparatively high comgurtal complexity £5-complete), can be
solved in a natural manner exploiting a DLP system by usimg declarative programming technique. The
power of disjunctive rules allows for expressing problentsolr are more complex thalP, and the (optional)
separation of a fixed, non-ground program from an input delallows to do so uniformly over varying in-
stances.

Usually, Given a sefF; of facts that specify an instandeof some problenP, a guess&check progra for
P consists of the following main parts:

Guessing Part The guessing palg C P of the program defines the search space, in a way such thé stab
models ofG U F represent “solution candidates” for

Checking Part The checking par€ C P of the program tests whether a solution candidate is in faetdmis-
sible solution, such that the stable modelgjaf C U F; represent the solutions for the problem instance
1.

Usually,G consists of some disjunctive rule, afic¢contains some integrity constraints (plus the definition of
possible auxiliary predicates). However, in general, iptndC might be arbitrary collections of rules in the
program, and it may depend on the complexity of the problerithvkinds of rules are needed to realize these

2For simplicity, we often use propositional examples, inettihe programs coincide with their ground instantiations.
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parts (in particular, the checking part); in the extremalecg could coincide with the full program ar@could

be empty, i.e., all checking is integrated into the guesping such that solution candidates are always solutions.
It is worth stating that DLP (which is not limited to guess&ck) facilitates the formulation of problems

arising in many domains, such as planning and combinatohis® various forms of abductive reasoning can be

expressed, as we will briefly describe in the sequel.

Hamiltonian Cycle

As an example which matches the guess&check scheme, letngsgdeoHamiltonian Cycle a classicalNP-
complete problem.

HAMCYCLE: Given an undirected grapil = (V, E), whereV is the set of vertices aff, andE is the set of
edges, and a nodec V of this graph, does there exist a cycle(otontaininga and passing through each
node inV exactly once?

Assuming that the grapty is specified by means of predicates-tex (unary) andarc (binary). Please
note that predicaterc is symmetric, since undirected edges are bidirectionalctld arcs. The starting node is
specified by the predicateart (unary). The following prograr®y; ¢ solves the problem HAMCYCLE:

inCycle(X,Y)V outCycle(X,Y):= start(X),arc(X,Y).
inCycle(X,Y)V outCycle(X,Y):= onCycle(X), arc(X,Y)
onCycle(Y):= inCycle(.,Y).

% At most one ingoing/outgoing arc!
= inCycle(X,Y),inCycle(X,Y1),Y<>Y1.
= inCycle(X,Y),inCycle(X1,Y), X<>X1.
% FEach node has to be on the cycle.
= verter(X),not onCycle(X).

} Guess

Check

The guessing part (first two rules) guess a subset of all giveg, while the rest of the program checks
whether it is a Hamiltonian Cycle. The first two constrainischecking part ensure that in the set of afcs
selected byinCycle there are not two arcs that start at the same node or end irathe sode. The third
constraint enforces that all nodes are reached from thengfarode in the subgraph induced By and ensures
that this subgraph is connected (since it is a cycle) thrabglauxiliary predicatenCycle defined by the third
rule. Thus, given a set of facts for vertex, arc, andstart which specify the problem input, the program
Puc U F has a stable model if and only if the input graph has a HanidtogQycle.

Ramsey Numbers

We have seen how a search problem can be encodedly gprogram whose stable models correspond to
the problem solutions. We next see another use of the guass&grogramming technique. We build a DLP
program whose stable models witness that a property dodsithti.e., the property at hand holds if and only if
the program has no stable models. Such a programming scsamseful to decide cdPor 114’ properties. We
next apply the above programming scheme to a well-knownlgnolof number and graph theory.

RAMSEY: The Ramsey numbek(k, m) is the least integet such that, no matter how we color the arcs of the
complete graph (clique) with nodes using two colors, say red and blue, there is a red chifhek nodes
(a redk-clique) or a blue clique withn nodes (a bluen-clique).

3In the examples we use also integrity constraints (rulesowit head). An integrity constraint by, . .., by, not by, . ..,not by. is
a shorthand for the rulead:- b1, ..., bm,not bymy1,...,not by, not bad., wherebad is afreshatom not occurring elsewhere in the
program. Intuitively, it forbids thab, . .., by, ,not bmy1, . .., not b, are simultaneously true.
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Ramsey numbers exist for all pairs of positive integeesdm [44]. We next show a program which allows
us to determine whether a given integeis the Ramsey NumbeR(3, 4), knowing that no integer smaller than
nis R(3,4). Let F be the collection of facts for input predicatesdeandarc encoding a complete graph with
n nodes. Consider the following guess&check progam,,cy -

blue(X,Y)Vred(X,Y):= are(X,Y). } Guess

= red(X,Y), red(X,Z), red(Y,Z).

= blue(X,)Y), blue(X,Z), blue(Y,Z), Check
blue(X, W), blue(Y,W), blue(Z,W).

Intuitively, the disjunctive rule guesses a color for eadgee The first constraint eliminates the colorings
containing a red complete graph (i.e., a clique) on 3 nodas,tlee second constraint eliminates the colorings
containing a blue clique on 4 nodes. The progfm,.s., UF has a stable model if and only if there is a coloring
of the edges of the complete graph @modes containing no red clique of size 3 and no blue cliquezef 4.
Thus, if there is a stable model for a particutarthenn is not R(3,4), thatis,n < R(3,4). The smallest such
that no stable model is found is the Ramsey nunibg, 4).

3. Stable Models Computation

In this section, we describe the main steps of the compuiatiprocess performed by DLP systems. We will
describe the computational engine of tie/ system [23, 24] which will be used for the experiments, babal
other systems like Smodels [42, 47] employ a very similacpdure.

In general, a disjunctive logic prograf contains variables. The first computational step of a DLResys
eliminates these variables, generating a ground instamtigr-ound(P) of P which is a (usually much smaller)
subset of all syntactically constructible instances ofrtiles of P having precisely the same stable model$as
[23].

The hard part of the computation is then performed on thismuigorogram by the Model Generator, which
is sketched in Figure 1. For brevit®, refers to the (simplified) ground program in the sequel.

Function ModelGenerator(var I: Interpretation): Boolean;

var inconsistency: Boolean;

begin
DetCons(l,inconsistency);
if inconsistencyhen return false;
if “no atom is undefined in Ithen return IsStableModel(l);
Select an undefined ground atofraccording to a heuristic;
if ModelGeneratof{U { A}) then return true ;
else returnModelGeneratof{U {not A});

end,

Figure 1. Computation of Stable Models

Roughly, the Model Generator produces some “candidatdslestaodels. Each candidaleis then verified
by the functionlsStableModel(l) which checks whethef is a minimal model of the prograrR’ obtained by
applying the GL-transformation w.r.1.

Initially, the ModelGenerator function is invoked withset to the empty interpretation (all atoms are unde-
fined at this stage). If the prografmhas a stable model, then the function returns true and setthe computed
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stable model; otherwise it returns false. The Model Gepeiatsimilar to the Davis-Putnam procedure in SAT
solvers. ltfirst calls a function DetCons, which exteridgith those literals that can be deterministically inferred
This is similar to unit propagation as employed by SAT sa@yéut exploits the peculiarities of DLP for making
further inferences (e.g., it uses the knowledge that evables model is a minimal model).

If DetCons does not detect any inconsistency, an atoia selected according to a heuristic criterion and
ModelGenerator is recursively called on bdtby { A} andI U {not A}. The atomA corresponds to a branching
variable of a SAT solver.

For the performance of a DLP system the implementation o€Des is crucial in two ways: It has to perform
its task as quickly as possible, while pruning the searchespa much as possible.

4. Pruning Operators

In this section we review two operators that are useful tolément DetCons (see the previous section). As
already mentioned, DetCons has to expand a given intetimret@s much as possible to reduce the search space,
while ensuring that such an expansion never causes ang stafglel to be missed. In other words, if an inter-
pretation/ is contained in a stable mod&f, that stable model will also contain the expansiod cbmputed by
DetCons. We can state this “safety” property formally.

Definition 4.1. A generic operatol'p is said to be “safe” if, for each interpretatidnand for each stable model
M of a given programP, we havel C M iff I'p(I) C M.

The two operators in question are fFiging's ($) operator and thévell-founded)Vp) operator. Both have
the property described above, and extend the two corregmpogerators defined for disjunction-free programs
[26, 51] to the class of disjunctive logic programs. Bdil andWp consist of two parts: The part drawing
positive inferences (which is an extension of the immediatesequence operatd}, defined for three-valued
interpretations of normal logic programs [51], to disjunetprograms) is the same for both operators; they only
differ in the way they perform negative inferences.

Definition 4.2. Let P be a program, and be an interpretation.
Tp(I)={a|IrePst.ac H(r): H(r) —{a} Cnot. I AB(r) C 1} .

Thus, 7p(I) derives an atoma from a ruler, if the body ofr is true w.r.t.I and, apart fromu, all other
atoms in the head of are false w.r.t/. Note that, in order to be a model, any interpretation extend must
necessarily contain, otherwise rule- is violated.

Example 4.1. Consider the following prograri®; :
{aVb., c:-nota., d:i-e., e:-d., ki-note.}

Supposd = {not a}: Thenb is derived via the first rule, andvia the second (whose body is contained’jnso
Tp(I) = {b,c}.

Intuitively, given an interpretatioih, 7 derives a set of atoms that are strictly needed to exidndh model.
Note that7p is deterministic, that is, its result is a single set of hter
4.1. Fitting's (®p) Operator

We extendritting’s operator, which was originally defined in [26], to the disgtive case. The way this operator
makes negative inferences is described and then combiriedh&i7> operator.
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Definition 4.3. Let P be a program, and an interpretation.

vp(I) = {a€ Bp| Vreground(P)s.t.ac H(r): H(r)— {a} is true w.r.t. I,
or B(r) is falsew.r.t. I}.

Thus,vp(I) derives an atona, if each rule witha in the head already has a false body or a true head (the
head being true by an atom different frath Note that all such a rules within the head are satisfied i and
they remain satisfied in all extensionsloéven ifa is set to false.

Example 4.2. Consider the prograr®; of Example 4.1, and the interpretatiér= {a}. Herevp (1) = {b, ¢}.

Intuitively, given an interpretatiod, v» computes those atoms that will not appear in any minimal mode
extending/ since there is no rule left that could be used to derive themd (aupport” its introduction in the
model).

We can now define a single step of Fitting’s operaber and its least fixpoint as follows:

Definition 4.4. Let P be a program, and an interpretation.
Op(I) = Tp(I) Unot.yp(I).
Starting fromI we define the following sequendg.:

Fy=1
Fy=F 1 U®p(Fi_1), k>0

We now have a growing sequence whosth term is then-fold application of®, to I, and define the least
fixpoint ®%(1) of & containing!, as the limit to which{ ¥}, } ,cAr converges.

Example 4.3. Consider the prograr®; of Example 4.1, and the interpretatidn= {a}. It is easy to see that
Pp(I) =0 U not.{b,c} = {not b,not c}.
We thus obtain:

F(] =1= {a}
F) = Fy U {not b,not ¢} = {a,not b,not c}.
Fy = F; U 0 = {a,not b,not c} = F; = ®F(I)

Next we assert the already discussed “safety” propertypfor

Theorem 4.1. For every stable model/ of a given progran, if an interpretatiory is contained in), then
OF(I) C M.

Proof:

It is enough to show thabp (1) € M for anyI C M; indeed, if this is the case, we can take) ®p(I) as
another interpretation contained i, and then iteratively go on until the fixpoint is reached. W&t how that
the positive part ofbp (1) is contained inM/; then, we show that also its negative part is containetl/in

By definition, the positive part obp(I) is 7p(I). Let’s take apositiveatoma € ®p(I). Thus, there must
exist a ruler € P such thaia € H(r) with H(r) — {a} C not.I andB(r) C I, i.e., the rest of the head of
is false while its body is true w.r.f.. But sincel C M, this means that the body éfis true w.r.t.\M; since M
is a stable model, we must hawe= M, otherwiser would be violated w.r.t)M/, and M/ would not be a (stable)
model.
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The negative part ob (1), again by definition, isyp(I). Letb be an atom inyp(I). Suppose, by contra-
diction, thatnot b ¢ M; thenb € M, asM is a total interpretation. Sindec ~p(I), for each rule having in
the head, we have that eith&t(r) — {b} is true w.r.t., or B(r) is false w.r.t.I; sincel C M, this means that
all such rules are already satisfied (either by a true headatsebody) also w.r.td/, and cannot give “support”
to b. ConsequentlyM contains atord which is not supported, contradicting the well-known “sagpdness”
property of stable models (see, e.g., [27]). O

Importantly, we have the following.

Proposition 4.1. Given a propositional prograr® and an interpretatiod for it, ®(I) is linear-time com-
putable

Proof:
®F (I) is well-known to be linear-time computable for a non-digjive P. This result was stated in [7], where
it is attributed to “folklore”.

It is easy to see that this result carries over to the disimatase by using a suitable data structure for
identifying atoms, which are derived by (1), in constant time. One way of achieving this is to keep a caunt
of potentially supporting rules for each atdni.e., rules having in the head such that the body is not false nor
the head is made true by an atom different fryr- whenever such a counter becomes zero, dtasderived
false byyp(I). 0

Thus, the®p operator seems to be a good choice as a pruning operator!daid (Theorem 4.1), has
the capability to perform negative inferences (Definitiod)4and its fixpointd3 (1) is efficiently computable
(Proposition 4.1).

Unfortunately,® fails to derive all possible negative consequences. Ftarigg, in Example 4.3 it fails to
derived ande as false w.r.tI while the only rules having these atoms in the head will nénaere a true body.
TheWell-foundedbperator presented in the following section is “strongarthis respect.

4.2. Well-founded (Wp) Operator

The Wp operator defined in [33] extends the operator defined in [whpEe least fixpoint is the Well-founded
model) to the disjunctive case. It is defined by an extensfaheonotion ofunfounded set® disjunctive logic
programs.

Definition 4.5. Let I be an interpretation for a prograf. A setX C Bp of ground atoms is annfounded
setfor P w.r.t. I if, for eacha € X and for each rule € ground(P) such thata € H(r), at least one of the
following conditions holds:

1. B(r) Nnot.I # 0, that is, the body of is false w.r.t.I.
2. BT (r)n X # 0, that is, some positive body literal belongsXo

3. (H(r) — X) NI # 0, that is, an atom in the head of distinct froma and other elements i, is true
w.r.t. I.

Example 4.4. Considering the prograr®; of Example 4.1 and the interpretatidr= {a}, we getGUSp(I) =
{b,c,d,e}. b is added because of the third condition, anldecause of the first in Definition 4.5. Thenand

e appear in the head of only a single rule each and for both thenslecondition of Definition 4.5 holds. We
obtainWp(I) = {not b,not c¢,not d,not e} andWy = {a}, W7 = {a,not b,not c¢,not d,not e}, Wy =
{a,not b,not c,not d,not e, k}, W3 = Wo = W (I).
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While for non-disjunctive programs the union of unfoundetsss again an unfounded set for all interpreta-
tions, this does not hold, in general, for disjunctive pergs.

Example 4.5. GivenP = {a VvV b} andI = {a,b}, both{a} and{b} are unfounded sets w.rk; but their union
{a, b} is not.

We thus denote by the set of all interpretations @ for which the union of all unfounded sets fBrw.r.t.
I is an unfounded set fg? w.r.t. I as well. In analogy with traditional logic programming, gn/ € I, we call
the union of all unfounded sets f@r w.r.t. I thegreatest unfounded sef P w.r.t. I, and denote it byzUSp (I).

Because the existence of thecatest unfounded sé&t not guaranteed in general, the question of how to
decide whether an interpretatidris in I» naturally comes up (also from the viewpoint of complexitpigh we
will deal with later on). There is a class of interpretatipoalledunfounded-free interpretationsvhich always
have the greatest unfounded set.

Definition 4.6. Let I be an interpretation for a prograf I is unfounded-freéf I N X = () for each unfounded
setX for P w.r.t. 1.

Unfounded-free interpretations have a nice semantic prgpéat, as we will see in the next sections, has
also a practical impact on the computation.

Proposition 4.2. [33] Let I be an unfounded-free interpretation for a progr@mrhen
P has the greatest unfounded 6&tS» (1) (i.e.,I € Ip).

Thus, an unfounded-free interpretation always admits thatgst unfounded set, and this set is efficiently
computable. We can now introduce t&ll-foundedperator.

Definition 4.7. Let P be a program, and € I» be anunfounded-freénterpretation. We define thd/» operator
as follows:

WP(I) = Tp([) U nOt.GUSp(I).

This definition extends th#Vp operator defined in [51] (whose least fixpoint is the Wellrfdad model) to
the disjunctive case. Note that, sindé is defined on the domaihp, each fixpoint ofVp by definition admits
the greatest unfounded set (since each fixpoiVaf must belong to the domailp of Wp).

Example 4.6. Consider the prograr?; of Example 4.1, and the interpretatidn= {a}. Then,Wp(I) =
() U not.{b,c,d,e} = {not b,not ¢,not d,not e}.

Observe that, as Example 4.6, clearly shows, thankd i§p», Wp derives more negative information than
dp, and therefore ensures a better pruning of the search space.
Let us now define the least fixpoilt’z” of the)Vp operator.

Definition 4.8. Given a progran? and an interpretatioii, we define the following sequenégy:

Wo=1
Wi =Wi_1 UWp(Wi_1), k>0

We have a growing sequence whasth term is then-fold application ofWp to I, and define the least fixpoint
WZ (I) of Wp containingl, as the limit to which{1¥,, },e - converges.
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Example 4.7. Again considering the prograf®, from Example 4.1 and starting from the interpretation {a},
we have:

Wo=1=/{a}.

W1 =Wy U {not b,not ¢,not d,not e} = {a,not b,not ¢,not d,not e}.

Wy = W31 U {k} = {a,not b,not ¢,not d,not e, k}.

W3 =WaU 0 =Wy =WZ(I).

Next we state that thi)» operator has thesafety property previously discussed.

Proposition 4.3. [33] Let I be an interpretation for a prograf, and letM be a stable model faP. If I C M,
then

(a) I belongs to the domaiby of Wp, and

(b) Wa(I) C M.

TheWp operator appears to be a good pruning operator: it is “safed,performs more negative inferences
than®p. A negative point olVp is that it is applicable only on unfounded-free interprietad. According to the
following proposition, we cannot efficiently test whetheis indeed unfounded-free (unleBs= NP).

Proposition 4.4. [33] Let P be a propositional program aridoe an interpretation foP. Deciding whether is
unfounded-free is ctNP-complete.

5. Pruning Operators on Syntactically Restricted Classesfd’rograms

In this section, we explore several interesting propedfale pruning operators on some syntactically restricted
classes of programs. To this end, we introddependency graphshich represent the dependencies of head
predicates on the positive body predicates of rules.

Definition 5.1. With every progranP, we associate a directed graplGp = (N, E), called thedependency
graphof P, where(i) each predicate oP is a node in\/, and(i:) there is an arc irfZ directed from node: to
nodeb if there is a ruler in P such that two predicatesandb appear inB* (r) and H(r), respectively.

The dependency graph allows us to single out the recursiis phthe program, and split the program into
subprograms having different properties.

Definition 5.2. A componentC of DGp is a maximal strongly connected subset of node®6i». The sub-
programof C' is the set of rules ifP having a head predicate @, denoted byP-. The set of all components of
DGp is denoted byC'omp(P).

Since there is a one-to-one correspondence between nodssinand predicates i, we will often refer
to components gP (meaning components @Gp), and identifyComp(P) as thecomponents dP.

It is worthwhile noting that the same disjunctive rule magurcin the subprograms of two different com-
ponents. For instance, the program consisting of the sindéea Vv b., has two components; = {a} and
Cy = {b}. Rulea V b. belongs to both subprograr%;, andP¢,.

We are now in the position to define the concepts of (a)cyglend head-cycle freeness, which play a very
important role in our computational strategy.
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Figure 2. The dependency grapgbDGp, of programP;

Definition 5.3. Given a progran® and its dependency graghGp, we say that:

e a component is cyclicif the related subprograrR- of P contains at least one recursive rule (i.e., a rule
r such that a head predicate and a positive body predicatamf inC); C' is acyclicif it is not cyclic.

e a component is head-cycle-fre¢ HC F) iff the related subprograr®- of P contains no rule such that
two predicates occurring in the headrdbelong toC'.

DGp andP arecyclicif there isat least one cyclicomponent, otherwise they are acyclic. They H€ F
if all components aré/C'F'.

Observe that acyclicity obviously implies head-cycle fregs; while an HCF component might be cyclic
(e.g., ifitis not disjunctive) or acyclic.

Example 5.1. Consider the following prograr®; :
{aVb., ¢c-a., c:=b., dVe:-a., d:-e., e:~d,notb.}

The dependency grapRGp, of P; is depicted in Figure 2. There are four componeftsy, {b}, {c}, {d, e}.

All of them are acyclic except for the last which is also théyaron-H C F' component, as the headd¥ e :- a.
contains two predicates belonging to the same cycle. Thdendgraph, and thus the program, is cyclic but not
HCF.

We next present a well-known theorem in DLP community abal&ss of programs for which the operators
o (1) andWg (I) are equivalent. The importance of this theorem will becoteardn the next section.

Theorem 5.1. Given a progran® and an unfounded-free interpretatidnf P is acyclicthenWp (1) = &p(I).

Proof:
Let I be an unfounded-free interpretation of an acyclic progfaniThe positive parts ofVp(I) and ®p (1)
coincide by definition, since both of them are obtained/pyI) (see Definition 4.4 and Definition 4.7).

We have to show that als&e/S» (1) = vp(I) holds for acyclic programs. Let = vp (1) andB = GUSp(I).
For each atomu € A, the set{a} is an unfounded set fdP w.r.t. I, as, by Definition ofyp, all ground rules
with « in the head satisfy Condition 1 or Condition 3 of Definitios.4.Therefore, for each € A, we have
that {a} is contained in the Greatest Unfounded $ktthat is, A C B. On the other hand, we know that
also B is an unfounded set foP w.r.t. I. SinceP is acyclic, we obtain that Condition 2 is superfluous for
the unfoundedness d#, the ground rules having an element frdsnin the head satisfy either Condition 1 or
Condition 3 of Definition 4.5. Consequently, all elementsirB belong toy» (1), that is,B C A.

Hence, we have that = B, that is,GUSp(I) = vp(I) holds. 0
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Thus, on the class of acyclic programs, one can conveniestyFitting’s pruning operator, which is effi-
ciently computable and equivalent}tt, on these programs. The Well-founded operator, however sasnger
inference power than Fitting’s in the general case (see,example 4.6, and the subsequent observation). To be
able to exploit theVp operator in practice, we have to: (1) be able to efficienthediewhether it is applicable or
not (i.e., if the interpretation at hand is unfounded-freaa — in general a cd¥P-complete task, cf. Proposition
4.4), and (2) provide a concrete method for computiiigs» (1) efficiently. TheRp ; operator, defined next,
will serve this purpose.

Definition 5.4. Let P be a program and an interpretation. Then we define an operaRay ; as follows:

Rpr: 2Br . 9Bp
X ~ {a€eX| Vreground(P)witha e H(r),
B(r)Nn(not JUX) #0Qor(H(r)—{a})NI#0}

Given asetX C Bp, the sequenc®, = X, R,, = Rp (R,—1) decreases monotonically and converges finitely
to a limit that we denote bR% ;(X).

We next prove a lemma, which was not known so far, and is fureadah for the concrete exploitation of the
Wp operator in DLP systems.

Lemma 5.1. Let P be a HCF program anflan interpretationR$, ;(5Bp) is equal to the union of all unfounded
sets w.r.tP and/.

Proof:
Consider an arbitrary unfounded sEtw.r.t. P and /. It is easy to see thak C Rp ;(X) and alsoX C
R% ;(Bp), as also forany” O X we haveY’ C Rp 1(Y), soX C R ;(Bp).

On the other hand, we can show that any R% ;(Bp) is contained in some unfounded set. Observe that for
each ruler € P such thau € H(r), B(r)N (=.IUR% ;(Bp)) # O or (H(r)\ {a}) NI # 0 holds by definition
of Rp,;. So in particularB(r) N —.I # 0 or B(r) N'R% ;(Bp) # 0 hold. The only reason whR%, ;(Bp)
itself might not be an unfounded set isBf(r) N (=.1 UR% [(Bp)) = D and(H(r) \ {a}) NI C R% ;(Bp)
holds for some rule, because thei(r) \ R ;(Bp)) NI = ( and consequently none of the three conditions of
Definition 4.5 hold forr.

If this is the case, we can construct an unfounded set,raga@imom X \ {b | b € H(r) \ {a},a € H(r)}.
This however, may invalidate condition 2 of Definition 4.5 &mme ruler; with ¢ € H(r1) andc € X;. Note
that therc # a, asP is HCF. Eliminating all sucles where also conditions 1 and 3 do not hold, may again entail
that condition 2 of Definition 4.5 becomes invalidated. Hweerethis process can be iterated. In this process,
is never eliminated (as the program is HCF, so in the wors egsarrive afa}).

More formally, we create a sequence as follows: Start at

Xo = X\ Yowhere
Yo = {b[be H(r)\{a},ac H(r)}

Subsequently, for > 0:

X, = X1 \Y;Whel’e
Y; = {c|lceH(r)NX;_1,BT(r)NX CY;_1,B(r)Nnot.] =0,(H(r)\ X;_1) NI =0}

Obviously this sequence converges, and the set which igtiiteis an unfounded set w.rf.andP. O



F. Calimeri et al./ Pruning Operators for Disjunctive LogRrogramming Systems 15

The properties shown in the following theorem guarantee ttte@)V» operator can be efficiently used on
head cycle free programs.

Theorem 5.2. Let P be aHC'F ground program and be an interpretation, then
1. detecting whethef is unfounded free is feasible limear time
2. if I is unfounded-free(GUSp (1) can be computed ilinear time
3. W (I) (if it is defined) is computable iquadratic time

all in the size ofpP.

Proof:
From Lemma 5.1 it follows thaf is unfounded-free ifiR%, ;(Bp) N I = (). We refer to Section 6.2, in which a
linear time implementation dR% ;(X) is described, so item 1 follows.

If I is unfounded-free, theGUSy (1) exists (cf. Proposition 4.2), and in fact from Lemma 5.1 wetbat
GUSp(I) = R% ;(Bp), obtaining item 2.

Item 3 follows from item 2; a linear number of iterations i¢fsient, each of which consumes at most linear
time, so in total at most quadratic time is spent. O

These theorems suggest us a direction to follow in order poore the capability of pruning the search space
in DLP systems.

6. Efficient Combination of Pruning Operators

We now show how to combine thiep andVp operators, resulting in an efficient implementation of Dmi€

6.1. A Pondered Choice

From the previous sections, given a progr&mand an interpretatiodi, we know that:

o the computation of% (1) is always very efficientlihear time computable
e Wy is “stronger” than®p (i.e., ®p (1) C Wp(I) for any interpretatior);

¢ the computation ofV is intractable in the general case (since deciding whethértarpretation belongs
to its domain is cadNP-hard);

e the computation o¥V2° () is tractable quadrati whenP belongs to the restricted classlwad-cycle-
free programs;

e Oy is equivalent taVp whenP belongs to the restricted classaafyclic programs.

Based on these observations, we have designed an approach exiploits the positive aspects of both
operators, including the efficiency 6itting’s operator wherever we are sure that it is equivalent toViied-
foundedoperator or that the computation of the latter is intragabDn the other hand, our approach takes
advantage of the (potentially) stronger pruning of Well-foundedoperator where feasible. In particular, we
treat each program component differently, and apply to eaofiponent the most appropriate pruning operator.

Our implementation of DetCons is sketched in Figure 3. HansiComputeFittingFixpoint(l, inconsistency)
and ComputeWellFoundedFixpoint(l, inconsistencgmpute®’ (1) and W (I), respectively. They set the
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boolean variablénconsistencyo true if they detect a contradiction (e.g., a branchingedde previously assumed
true is proven to be false). Depending on the syntacticat&tre of each component, we choose the more suitable
of the two operators (Fitting’s and Well-founded). In peutar, we applyWW» on cyclic and HCFcomponents,
where it is stronger thafp but efficiently computable. On the other hand, we apgpp/on acycliccomponents,
where it is equivalent t&Vp and more efficiently computable, and oyclic and not-HCFcomponents, where
Wep is intractable.

Thus, if the input program is acyclic, we always apply thedinoperato, without any loss in pruning
strength. If the program is cyclic, we limit the applicatioh)V» to those componentsyclic and HCH where
it has potential for pruning the search space and is effigienmputable.

ProcedureDetConsyar I: Interpretationyar inconsistencyBoolean);
begin
inconsistency :Halse
for each component € Comp(P) do
begin
switch classOf(C)
caseacyclic: ComputeFittingFixpoint(l, inconsistency);
casecyclic-notHCF: ComputeFittingFixpoint(l, inconsistenc
casecyclic-HCF: ComputeWellFoundedFixpoint(l, inconsistg)y
end,
if inconsistencyhen break;
end;
end;

Figure 3. The DetCons Procedure

6.2. Implementation Issues

We conclude this section with some relevant implementatenarks. For better understanding, DetCons has
been presented in a simplified manner; for details we refg2p

At the beginning of the DLP computation, we classify the comgnts of the program w.r.t. acyclicity and
head-cycle freeness, since thetConsprocedure needs this information. This classification i$opmed effi-
ciently: We first build the dependency grapttzp» of P (in linear time); then, we compute the strongly connected
components oDGp applying the linear-time Tarjan algorithm [50], and we flpacan the components, check-
ing whether they are acyclic or HCF, also in linear time.

To implement théNell-foundedoperator, we have designed an algorithm computing its ivegpart, i.e.,
GUSp ¢ (I) for an interpretation/ and a cyclic HCF componerd of a programP (GUSp (/) denotes the
union of all unfounded sets @ w.r.t. I which are contained in componeff). The efficient implementation
of the positive part of the Well-founded operator is stréfigtward and has already been implemented within
DetCons, cf. [22]. The sketch of the algorithm is depictedrigure 4 (all implementation details can be found
in [9]).

Recall Definition 4.5 where three conditions account foreeas which a set of atoms cannot be derived.
Conditions (i) and (iii) basically correspond to rule stgion (w.r.t./ andl — X, respectively), while condition
(i) is used to detect positive cycles without foundatiomeTasic idea, given a componéritis to compute”’ —
GUSp ¢ (I) by incrementally deriving atoms i@ which are “founded”, i.e., which do not belongd®/Sp «(I).
This means that we want to build a finite sequefige .., Y,,, whereYy = () andY,, = C — GUSp «(I). To



F. Calimeri et al./ Pruning Operators for Disjunctive LogRrogramming Systems 17

this end, we look for rules which do not satisfy any of the ¢hcenditions of Definition 4.5 (the conditions are
checked w.r.tX set toY; and the interpretatiod). Once one such a rukeis found, we derive thatl (r) N C
(which is a single atom, sinc€ is HCF) is “founded” (more accurately, “not unfounded”)aths, it does not
belong toGUSp (1) and can thus be added¥p, ;. The “foundedness” of an atom may imply the foundedness
of further atoms; we proceed until a fixpoint is reached.

There is yet more room for optimization. Observing Defimti®.5, one can see that condition (1) does not
involve the unfounded seX': it is therefore “static” with respect to the narrowing pess, and can be checked
once before computing thgs. In addition, for condition (3) a similar, less straighmtfard, argument holds: if we
take for eachr the set{r | (H(r)—C)NI = (}}, then for eachi we have thatH (r)—(C—Y;))NI # () only if some
a € I anda € Y}, but then there is some other rulesatisfying (2) or (3), otherwise € Y; C C' — GUSp (1)
would not hold (as the componetis HCF). So for creating the sequentg . . ., Y,, it is sufficient to consider
only rules for which (1) and (3) (wittk’ = ') do not hold (let us call these rules “active”). Thus, for 0, we
computeY; 11 = Y;U{a | a € H(r),(BT(r) N C) C Y;} wherer is an “active” rule. We have implemented
this computation by a linear-time algorithm using a prop@gaqueue and counters which stof&™ (r) NY;| for
each “active” ruler.

At the end of the computation, all atomsdh— Y;, are known to be unfounded, and we set them to false in
I. This can result in inconsistency ifn (C —Y;,) # 0, i.e., if an unfounded atom was set to true/in

It is worthwhile noting that procedureomputeGUSan be seen as a (linear time) implementation of the
computation of the fixpoint of th&k operator for component’ (i.e., R%C,I(C)). At each step, instead of
explicitly computingRp,, 1 (X ), the procedure computes its complemént Rp,, ;(X). The i-th element; of
the above sequence corresponds to the elefignt C' —Y;. Thus, interms of th&p, r operator, the procedure
computes the sequenég) = C, X; = Rp 1(Xo) (X; is the set of atoms af' which are not ifFoundedAtoms
after the initialization phase of the procedure in Figure 4)X,, = GUSp ¢ (I).

We have designed a further optimization to the above algorithat we have also incorporated in our actual
implementation of DetCons in teLV systent* Frequently, all atoms iGUSp () happen to be already false
w.r.t. I, and its computation is completely useless. We would likiglémtify cases where this condition can be
recognized without actually computitig/S» (I). To this end, at each step of DetCons (Figure 3), we propagate
the deterministic consequences over all components by sridiitting’s operator, and subsequently invoke the
Well-foundedperator only orsome selectedyclic and HCF components instead of all, as described below

At the very beginning of the computation, the GUS-compatats applied on each cyclic and HCF compo-
nent. Later, we invoke the GUS-computation only on comptswhere some atom may have become unfounded
by the most recent propagation step. In order to do that, are stome further information during thtting
propagation.

Basically, an atom4 can become unfounded if it has lost a “potential support’s@se ruler containing
A in the head has become satisfied during the last propagagoneither the body of has become false or a
head atom of-, different from A, has become true (recall that a (disjunctive) rule can suppdy one atom
in its head). If no atom of a componea6t has lost any potential support, then we know t6&iSp (1) is
unaltered, and its computation is superfluous. To autoalbticecognize such superfluous computations, when
a rule becomes satisfied, we push the component of each a#infosies a potentially supporting rule into a
queue. We eventually launch the GUS-computation only ferdbmponents stored in this queue, i.e. only for
those cyclic and HCF components in which at least one head kst a potentially supporting rule. We thus
avoid a lot of useless GUS computations.

It is worthwhile noting that the algorithms for computingtbdhe Greatest Unfounded Séas described
above) and-itting’s operator ardinear-time algorithms; they use propagation queues and suitable ecuatla
Dowling and Gallier [14, 40].

4A similar technique, for the (smaller) class of disjunctivee programs, is implemented also in Smodels [47].
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ProcedurecomputeGUS\ar C:Component, var I: Interpretation , var inconsistencyBoolearn)
var a,b : Atom;
var FoundedAtoms Interpretation; % Stores the set of atoms@fwhich are proven to be “founded’hpt unfounded).
var GUSqueue Queue % Stores the atoms whose “foundedness” is to be propagatedrals the fixpoint computation.
var r.counter :Integer; (Vr) % Stores the number of atoms@fin B*(r) which are not proved to be founded.
% If r.counter becomes zero, then the head of r gets founded.
inconsistency :Halse
% Initialize the rules counters and the queue.
For each atom: € C do
For each ruler such that (r is active and € H(r)) do
r.counter :={b: b€ B*(r)NC};
If r.counter = Gthen
FoundedAtoms.Add);
GUSqueue.Pushy;
Endif;
EndFor;
EndFor;
% Fixpoint Computation.
While not GUSqueue.emptyo
a := GUSqueue.Pop();
For each rule- such that (r is active and € B*(r)) do
r.counter :=r.counter - 1;
If r.counter = Gthen
Letd be the atom o€ in H(r);

FoundedAtoms.Addy;
GUSqueue.Pushy;
Endif;
EndFor;
EndWhile;

% Set to false all atoms @f which are not in FoundedAtoms.
For each atonuw € C do
If @ ¢ FoundedAtomshen
If a € Ithen
inconsistency :#rue;
return;
else
I:=1TU{nota};
EndIf;
EndIf;
EndFor;
EndProcedure

Figure 4. The computeGUS procedure
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7. Comparisons and Benchmarks

In order to evaluate our intuitions, we have implemented m&w pruning operators, based on the conclusions
drawn in the previous section in the DLP systeV [31] and experimentally compared the new pruning op-
erators against the original pruning operator employe®by. Next, we describe the compared methods, the
benchmark problems and instances, and then discuss this r@fsine experiments.

7.1. Overview of the Compared Methods

To evaluate our proposed operators, we have implementefbltbeing three approaches on top bty and
compared them by means of various benchmarks:

Old. The method originally employed byLV . It always uses the generalization of Fitting’s operater intro-
duced in Section 4.1, which is efficiently computable (a firpes reached in linear time), but does not prune the
search space as much)as.

ifPoss Based on the generalized Well-founded operatés introduced in Section 4.2, and exploiting obser-
vations from Section 6, this method avoids the us&\gf on those components where its computation is very
expensive (since deciding its applicability is intracgbl It employsWp on all head-cycle free components,
while resorting to the generalization of Fitting’s operadg on the remaining (i.e., non-HCF) components.

ifNeed. This is the method described in Figure 3. It fully implemehtstheoretical results from Section 6, using
both®p andWp where appropriate, and is a refinement of metifieoks Wp is only used for cyclic head-cycle
free components, where@s is applied on all acyclic components.

7.2. Benchmark Problems

To evaluate the pruning techniques described in the prevseations, we chose three benchmark problems:
Hamiltonian path, Blocksworld Planning, and Sokoban.
For the sake of readability, the full encodings used for techmarks are reported in Appendix A.

Hamiltonian Path (HAMPATH) is a classicaNP-complete problem from graph theory: Given an undirected
graphG = (V, E), whereV is the set of vertices af and E is the set of edges, and a nade V' of this graph,
does there exist a path 6f starting ata and passing through each noddirexactly once?

This is almost the same problem as described in Section @& 3hé path does not have to be cyclic. The full
encoding is reported in Appendix A.1.

initial: goal:

B

bl al

Figure 5. A Blocksword Instance

Blocksworld (BW) is a classic problem from the planning domain, and one of kiiesb problems in Al: Given

a table and a number of blocks in a (known) initial state andsirdd goal state, try to reach that goal state by
moving one block at a time such that each block is either orot@mother block or the table at any given time
step. The encoding is reported in Appendix A.2.
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Figure 5 shows a simple instance that can be solved in threedieps: First we move block ¢ to the table,
then block b on top of a, and finally ¢ on top of b.

Sokoban (SOKO) is a game puzzle developed by the Japanese conTanking Rabbit, Incin 1982.Sokoban
means “warehouse-keeper” in Japanese. Each puzzle soosstroom layout (a number of square fields rep-
resenting walls or parts of the floor, some of which are madgdtorage space) and a starting situation (one
sokoban and a number of boxes, all of which must reside on $lmmelocation, where one box occupies pre-
cisely one location and each location can hold at most oné bblke goal is to move all boxes onto storage
locations. To this end, the sokoban can walk on floor locati@mless occupied by some box), and push single
boxes onto unoccupied floor locations. Figure 6 shows adygienfiguration involving two boxes, where grey
fields are storage fields and black fields are walls.

Figure 6. A Sokoban Instance

We have written &LV program, reported in Appendix A.3, which finds solutionshaat given number of
push actions (where one push action can move a box over a muwhfields, but always in the same direction)
for a given puzzle together with a script which iterativeyns thatDLV program with increasing numbers of
push actions (starting at one) until some solution is fouFtis finds solutions with a minimal number of push
actions.

The puzzle in Figure 6 is solvable with 6 push actions, so thiptsusesDLV to prove that no solutions with
1to 5 push actions exist, and then to compute a solution wtlish actions.

7.3. Benchmark Data

We created random graph instances for HAMPATH using a’tbgl Patrik Simons which has been used to
compare Smodels against SAT solvers [47]. For each prohlmm sve generateteninstances, always assuming
node 0 as the starting node, and for each instance we stofipetha first solution had been found.

The blocksworld problems P1 to P4 have been employed in 2dginpare DLP systems, and can be solved
in 4, 6, 8 and 9 steps, respectively. We augmented these bjepne P5 and P6 which require 11 and 12 steps,
respectively. For each of these problems, we generatedd®mapermutations of the full input (including the
encoding). In addition, we also tried to solve each of thesblpms with one step less than required, which fails
to produce any plan but shows the minimality of the reguldutsans. These instances are labeled P1-1, P2-1
and so forth in Figure 8.

A vast amount of Sokoban puzzles is available on the Intematsimple ANSI text format. The examples
we used for benchmarks are results of efforts to autombtigaherate hard puzzles. One set has been created
by Yoshio Murasg, the other set is due to Jacques Duthefihe puzzle in Figure 6 is number 2 of Duthen’s

Shttp://www.tcs.hut.fi/Software/smodels/misc/hamilton.tar.gz
®http://www.ne.jp/asahi/ai/yoshio/sokoban/auto52/
"http://hem.passagen.se/awl/ksokoban/sokogen-990602 . skm
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instances.

7.4. Experimental Results

All experiments have been carried out on a Pentium [lI/1GHzhme with 512MB of main memory, running
SuSE GNU/Linux (kernel 2.4.21). The differebitVv executables have been built with the GCC compiler (version
3.2.2).

For each invocation dbLv we allowed a maximum run-time of 600 seconds. For SOKO thergle several
invocations per problem instance, so the total reported timy be more than 600 seconds.

Average Maxima

Oold ifPoss | ifNeed Old ifPoss | ifNeed
10 0.02 0.02 0.04 0.02 0.03 0.10
20 0.05 0.06 0.05 0.07 0.08 0.05
30 0.08 0.09 0.09 0.15 0.12 0.09
40 0.12 0.14 0.13 0.13 0.16 0.14
50 55.59 0.20 0.19 || 443.58 0.23 0.20
60 11.52 0.29 0.27 86.54 0.32 0.29
70 - 0.38 0.35 - 0.42 0.37
80 - 0.50 0.47 - 0.54 0.50
90 - 0.66 0.60 - 0.80 0.65
100 - 0.83 0.85 - 1.09 1.11
110 - 1.02 1.01 - 1.25 1.22
120 - 17.77 16.86 - 116.62 | 110.32

Figure 7. Hamiltonian Path Running Times

Results for HAMPATH are shown in Figure 7. It is easy to se¢ ltiwgh ifPossandifNeed perform similarly
to Old for very small problem instances, but scale tremendoustgiband are able to efficiently deal with graphs
of 120 nodes, whereadld is not able to solve almost all problems with more than 60 sadi¢hin the allowed
time. ifPossandifNeed scale much better, their behavior is similar here, \ifitteed being slightly faster than
ifPoss

The programs for HAMPATH have highly cyclic HCF dependencgpips. ThusjfPoss and ifNeed can
exploit the pruning power of the Well-founded operator,ngfigantly outperformingOld which employs only
Fitting’s operator. On the other hand, the dependency grapthese programs usually have one big component
containing nearly all atoms. Therefore, there are only fé@femences (but still noticeable) betwe&Rossand
ifNeed, as the latter cannot avoid many calls to the Well-foundeztaipr.

For BW, Old, ifPossandifNeed are nearly equivalent, and all three approaches seem t® Sicailarly. We
explain this as follows: These programs have only few cydl@F components while most components are
acyclic. Moreover, these few cyclic components are alsg genall, and the Well-founded operator does not
bring a relevant gain in terms of pruning compared to Fittirgperator, so the three implementations show
essentially the same behavior.

SOKO, finally, shows that botiiPossandifNeed perform significantly better tha@ld, which fails to solve
more than 60% of all problems instances and usually takeoheo orders of magnitude longer to solve the
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[ | oid | ifPoss | ifNeed |

P1-1 0.03 0.03 0.03
P2 -1 0.05 0.05 0.06
P3-1 2.35 2.37 2.40
P4 -1 1.28 1.31 1.32
PS5-1 15.86 15.90 15.94
P6-1 | 262.64 | 263.45 | 263.65

P1 0.04 0.04 0.04
P2 0.07 0.08 0.08
P3 5.97 5.99 5.99
P4 14.53 14.68 14.67

PS5 259.65 | 261.40 | 261.96
P6 234.62 | 235.00 | 235.45

Figure 8. Blocksworld - Average Running Times

remaining ones:

Yoshio Murase Jacques Duthen

solved | unsolved | solved | unsolved

Old 9 43 36 42
ifPoss 40 12 68 10
ifNeed 40 12 68 10

As can be verified on the data reported in Appendix B, bothHerYoshio Murase and the Jacques Duthen
setsjfNeedyields an average speedup of about 6% dffReiss the maximum speedup being about 10% (instances
14 and 33 for Yoshio Murase and Jacques Duthen, respegtivaly this class of benchmarks, the potential gain
brought about by avoiding useless call$4& is evident.

In summary, the experiments show that bifffessandifNeed are strictly preferable t@ld; and that of these
two, ifNeed shows a measurable speedup on a wide range of examplesfofberecenDLV releases employ
ifNeed by default, even if a command-line option easily allows teruo switch it off, thus makin@LV use
only the original implementation dfitting’s operator.

8. Conclusions

We have addressed some key issues for the computation ohdlisje logic programs. In particular, we have
focused on search space pruning, which is crucial for theiefity of DLP systems. We have carried out an in-
depth analysis of two main pruning operators for DLP, nankéilyng’s operator and th&Vell-foundedperator.
We have proposed a new strategy for the intelligent comipinaif the two pruning operators, and we have
implemented it in theDLV system. We have carried out experiments, which confirm tlemgtimpact of the
pruning operators on the efficiency of DLP systems, and agkesmportance of our results. Interestingly, even
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if the Well-founded operator is computationally more exgpea than Fitting’s operator (quadratic time versus
linear time in the propositional case), its stronger prgrmpower often pays off and reduces the computation time
by an order of magnitude in some cases.

Future work will focus on tuning the actual implementatiaighe pruning operators, and on singling out
new classes of DLP programs where they are efficiently coatybert

References

[1] Anger, C., Konczak, K., Linke, TNoMoRe: A System for Non-Monotonic Reasoninigpgic Programming and Non-
monotonic Reasoning — 6th International Conference, LPNI¥RVienna, Austria, September 2001, Proceedings

(T. Eiter, W. Faber, M. Truszczyhski, Eds.), number 217Beature Notes in Al (LNAI), Springer Verlag, September
2001.

[2] Apt, K., Bol, N.: Logic Programming and Negation: A Suwelournal of Logic Programmingl9/2Q 1994, 9-71.

[3] Aravindan, C., Dix, J., Niemel@, |.: DisLoP: A Reseafioject on Disjunctive Logic Programming) Communica-
tions — The European Journal on Artificial Intelligend#€x3/4), 1997, 151-165.

[4] Babovich, Y.: Cmodels homepage, since 2002tp://www.cs.utexas.edu/users/tag/cmodels.html.

[5] Bell, C., Nerode, A., Ng, R. T., Subrahmanian, V.: Mixeddger Programming Methods for Computing Nonmono-
tonic Deductive Databasedournal of the ACM41, 1994, 1178-1215.

[6] Ben-Eliyahu, R., Dechter, R.: Propositional SemantarsDisjunctive Logic ProgramsAnnals of Mathematics and
Artificial Intelligence 12, 1994, 53-87.

[7] Berman, K. A., Schlipf, J. S., Franco, J. V.: Computing Well-Founded Semantics Fast&roceedings of the 3rd
International Conference on Logic Programming and Nonntonic Reasoning (LPNMR’95%928, Springer, 1995.

[8] Brass, S., Dix, J., Freitag, B., Zukowski, U.: Transfation-Based Bottom-Up Computation of the Well-Founded
Model, Theory and Practice of Logic Programmint(5), 2001, 497-538.

[9] Calimeri, F.: Progettazione e Sviluppo di Tecniche Di Ottimizzazione $istemi di Basi di ConoscenzaVaster
Thesis, D.E.I.S., Universita degli Studi della CalabRande (CS), Italy, 2001, Supported by Nicola Leone.

[10] Chen, W., Warren, D. S.: Computation of Stable Modeld Ha Integration with Logical Query ProcessintEEE
Transactions on Knowledge and Data Engineeri®(®), 1996, 742—-757.

[11] Cholewinski, P., Marek, V. W., Mikitiuk, A., Truszchgki, M.: Computing with Default LogicArtificial Intelligence
1122-3), 1999, 105-147.

[12] Cholewinski, P., Marek, V. W., Truszczyhski, M.: Refit Reasoning System DeReBroceedings of International
Conference on Principles of Knowledge Representation aadéhing (KR '96)Morgan Kaufmann Publishers, Cam-
bridge, Massachusetts, USA, 1996.

[13] Dix, J.: Semantics of Logic Programs: Their Intuitioasd Formal Properties. An Overview,ogic, Action and
Information. Proceedings of the Konstanz Colloquium init@mnd Information (Login’92)DeGruyter, 1995.

[14] Dowling, W. F., Gallier, J. H.: Linear-time Algorithmfer Testing the Satisfability of Propositional Horn Forrael)
Journal of Logic Programming3, 1984, 267-284.

[15] East, D., Truszczyhski, M.: dcs: An Implementation@ATALOG with Constraints, Proceedings of the 8th In-

ternational Workshop on Non-Monotonic Reasoning (NMR®AC. Baral, M. Truszczyhski, Eds.), Breckenridge,
Colorado, USA, April 2000.

[16] East, D., Truszczyhski, M.: Propositional Satisfidpiin Answer-set Programming.,Proceedings of Joint Ger-
man/Austrian Conference on Atrtificial Intelligence, KI®D Springer Verlag, LNAI 2174, 2001.



24 F. Calimeri et al./ Pruning Operators for Disjunctive LogRrogramming Systems

[17] East, D., Truszczyhski, M.: System Description: aspg\n Implementation of Answer-Set Programming with Propo-
sitional Schematal-ogic Programming and Nonmonotonic Reasoning — 6th Int@nal Conference, LPNMR’01,
Vienna, Austria, September 2001, Proceedifig<iter, W. Faber, M. Truszczyhski, Eds.), number 2178écture
Notes in Al (LNAI), Springer Verlag, September 2001.

[18] Egly, U., Eiter, T., Tompits, H., Woltran, S.: Solving&anced Reasoning Tasks using Quantified Boolean Formulas,
Proceedings of the Seventeenth National Conference ofichatiintelligence (AAAI'00), July 30 — August 3, 2000,
Austin, Texas USANAAI Press / MIT Press, 2000.

[19] Eiter, T., Faber, W., Leone, N., Pfeifer, G.: DeclaratProblem-Solving Using the DLV System, ihogic-Based
Artificial Intelligence(J. Minker, Ed.), Kluwer Academic Publishers, 2000, 79-103

[20] Eiter, T., Gottlob, G., Mannila, H.: Disjunctive Datej, ACM Transactions on Database Syste@#%3), September
1997, 364-418.

[21] Erdem, E.: Applications of Logic Programming to Plamgi Computational Experiments, 1999, Unpublished draft.

http://www.cs.utexas.edu/users/esra/papers.html.

[22] Faber, W.:Enhancing Efficiency and Expressiveness in Answer Set&roging Systemd$h.D. Thesis, Institut fur
Informationssysteme, Technische Universitat Wien, 2002

[23] Faber, W., Leone, N., Mateis, C., Pfeifer, G.: Using &mtse Optimization Techniques for Nonmonotonic Reasoning
Proceedings of the 7th International Workshop on Dedudiiatabases and Logic Programming (DDLP’9QNAP
Organizing Committee, Ed.), Prolog Association of Japapt&mber 1999.

[24] Faber, W., Leone, N., Pfeifer, G.: Experimenting witBwHlistics for Answer Set Programmingroceedings of the
Seventeenth International Joint Conference on Artificidelligence (IJCAI) 2001Morgan Kaufmann Publishers,
Seattle, WA, USA, August 2001.

[25] Fages, F.: Consistency of Clark’s Completion and Exise of Stable Models,Journal of Methods of Logic in
Computer Sciengd(1), 1994, 51-60.

[26] Fitting, M.: A Kripke-Kleene Semantics for Logic Pragns,Journal of Logic Programming2(4), 1985, 295-312.

[27] Gelfond, M., Leone, N.: Logic Programming and Knowledgepresentation — the A-Prolog perspectivartificial
Intelligence 138(1-2), 2002, 3—-38.

[28] Gelfond, M., Lifschitz, V.: Classical Negation in LagPrograms and Disjunctive Databasbiew Generation Com-
puting, 9, 1991, 365-385.

[29] Janhunen, T., Niemela, I., Seipel, D., Simons, P.,,YbtH.: Unfolding Partiality and Disjunctions in Stable il
SemanticsACM Transactions on Computational LogR005, To appear.

[30] Kautz, H., Selman, B.: Planning as SatisfiabiliBsoceedings of the 10th European Conference on Artificitgllin
gence (ECAI'92)1992.

[31] Leone, N., Pfeifer, G., Faber, W., Eiter, T., Gottlob,, ®erri, S., Scarcello, F.: The DLV System for Knowledge
Representation and ReasoninlgCM Transactions on Computational LogR005, To appear. Available vigttp:
//www.arxiv.org/ps/cs.AI/0211004.

[32] Leone, N., Romeo, M., Rullo, P., Sacca, D.: Effectimgplementation of Negation in Database Logic Query Lan-
guages] OGIDATA+: Deductive Database with Complex ObjettdCS 701, 1993.

[33] Leone, N., Rullo, P., Scarcello, F.: Disjunctive SaModels: Unfounded Sets, Fixpoint Semantics and Comjputati
Information and Computatiqri352), June 1997, 69-112.

[34] Lierler, Y.: Disjunctive Answer Set Programming viatiSéiability, Logic Programming and Nonmonotonic Reasoning
— 8th International Conference, LPNMR’05, Diamante, Ite&gptember 2005, Proceedin@s. Baral, G. Greco,
N. Leone, G. Terracina, Eds.), 3662, Springer Verlag, $epér 2005, ISBN 3-540-28538-5.

[35] Lierler, Y., Maratea, M.: Cmodels-2: SAT-based Ansv@at Solver Enhanced to Non-tight Progran®spceedings
of the 7th International Conference on Logic Programming &on-Monotonic Reasoning (LPNMR<X) Lifschitz,
I. Niemela, Eds.), LNCS, Springer, January 2004.



F. Calimeri et al./ Pruning Operators for Disjunctive LogRrogramming Systems 25

[36] Lifschitz, V.: Answer Set Planning,Proceedings of the 16th International Conference on LogisgRamming
(ICLP’99) (D. D. Schreye, Ed.), The MIT Press, Las Cruces, New Mexic®@A|November 1999.

[37] Lifschitz, V., Turner, H.: Splitting a Logic ProgramProceedings of the 11th International Conference on Logic
Programming (ICLP’94)P. Van Hentenryck, Ed.), MIT Press, Santa Margherita Legitaly, June 1994.

[38] Lin, F., Zhao, Y.: ASSAT: computing answer sets of a togiogram by SAT solversArtificial Intelligence 1571-2),
2004, 115-137.

[39] McCain, N., Turner, H.: Satisfiability Planning with Gsal Theories,Proceedings Sixth International Conference
on Principles of Knowledge Representation and ReasoniiRj9®) (A. G. Cohn, L. Schubert, S. C. Shapiro, Eds.),
Morgan Kaufmann Publishers, 1998.

[40] Minoux, M.: LTUR: A Simplified Linear-time Unit Resolidn Algorithm for Horn Formulae and Computer Imple-
mentation,Information Processing Letter9, 1988, 1-12.

[41] Niemela, I.: Logic Programming with Stable Model Senties as Constraint Programming Paradiginnals of
Mathematics and Artificial Intelligenc@5(3—-4), 1999, 241-273.

[42] Niemela, I., Simons, P.: Efficient Implementation bétWell-founded and Stable Model SemantiBspceedings of
the 1996 Joint International Conference and Symposium aicLBrogramming (ICLP’96)M. J. Maher, Ed.), MIT
Press, Bonn, Germany, September 1996.

[43] Niemela, I., Simons, P.: Smodels — An Implementatibihe Stable Model and Well-founded Semantics for Nor-
mal Logic Programs,Proceedings of the 4th International Conference on LogiegPamming and Nonmonotonic
Reasoning (LPNMR’97)Y. Dix, U. Furbach, A. Nerode, Eds.), 1265, Springer Verzagstuhl, Germany, July 1997.

[44] Radziszowski, S. P.: Small Ramsey Numbdiise Electronic Journal of Combinatorick 1994, Revision 9: July 15,
2002.

[45] Rao, P., Sagonas, K. F., Swift, T., Warren, D. S., FrelreXSB: A System for Efficiently Computing Well-Founded
Semantics,Proceedings of the 4th International Conference on LogimgPamming and Non-Monotonic Reasoning
(LPNMR'97)(J. Dix, U. Furbach, A. Nerode, Eds.), number 1265 in Lectlioges in Al (LNAI), Springer Verlag,
Dagstuhl, Germany, July 1997.

[46] Seipel, D., Thone, H.: DisLog — A System for Reasonindisjunctive Deductive Databased?roceedings Inter-
national Workshop on the Deductive Approach to Informatiystems and Databases (DAISD’$A) Olive, Ed.),
Universitat Politecnica de Catalunya (UPC), 1994.

[47] Simons, P.Extending and Implementing the Stable Model SemanfibsD. Thesis, Helsinki University of Technol-
ogy, Finland, 2000.

[48] Simons, P., Niemela, I., Soininen, T.: Extending amglementing the Stable Model Semantidstjficial Intelligence
138, June 2002, 181-234.

[49] Subrahmanian, V., Nau, D., Vago, C.: WFS + Branch andriglbt Stable ModelslEEE Transactions on Knowledge
and Data Engineering/(3), June 1995, 362-377.

[50] Tarjan, R.: Depth-First Search and Linear Graph Altqon, SIAM Journal on Computind(2), June 1972.

[51] Van Gelder, A., Ross, K., Schlipf, J.: The Well-Foun@®samantics for General Logic Prograndsurnal of the ACM
38(3), 1991, 620-650.



26 F. Calimeri et al./ Pruning Operators for Disjunctive LogRrogramming Systems

APPENDIX

A. Encodings of the Problems

Note that some of the encodings reported here employ truatinaeg(denoted using—” in front of atoms),
which has not been introduced in the syntax definition in plaiper. HoweverDLV reduces such programs to
equivalent ones without true negations, substituting @adi negated occurrence of an ateniby a new atom
na and adding a constrainta, na. for each atonu that occurs both with and without true negation.

A.1l. Hamiltonian Path

Suppose that the graggh is specified by two predicatesrde(X) andarc(X,Y'), and the starting node is spec-
ified by the predicatetart which contains only a single tuple. Then, the following prog solves the problem
HAMPATH:

% Each node has to be reached.

reached(X) := start(X). reached(X) :=inPath(Y, X). - node(X), not reached(X).

% Guess whether a given arc is in the path or not.

inPath(X,Y) V outPath(X,Y) :- reached(X), arc(X,Y).

% At most one incoming/outgoing arc!

== inPath(X,Y),inPath(X,Y1),Y<>Y1. = inPath(X,Y),inPath(X1,Y), X<>X1.

A.2. Blocksworld

For blocksworld, we used an encoding of the problem domaiiciwis derived from an encoding in an action
language. The reader can refer to [21, 23] for further detail

% specification of the move action

move(B,L,T) V —move(B, L,T) = block(B), location(L), actiontime(T), B <> L.
% the effects of moving a block

on(B,L,T1) = move(B,L,T), #succ(T,T1).

—on(B, L,T1) :- move(B, _,T), on(B,L,T), #succ(T,T1).

% move preconditions

% a block can be moved only when it's clear

== move(B,L,T), on(B1,B,T).

% if a block is moved onto another block, the latter must barcle
== move(B, B1,T), on(B2,B1,T), block(B1).

% concurrent actions are not allowed

== move(B,_,T), move(Bl,_,T), B <> BI.

== move(_, L, T), move(,L1,T), L <> LI.

% inertia

on(B,L,T1) :=on(B,L,T), not —on(B,L,T1), #succ(T,T1).
% time at which actions can be initiated

actiontime(T) =T < #maxint, #int(T).

% location definition (blocks are defined in the problem ins&s)
location(t). location(B) = block(B).



F. Calimeri et al./ Pruning Operators for Disjunctive LogRrogramming Systems

A.3. Sokoban

The encoding solving SOKO puzzles follows.

% Timesteps etc.

time(T) = #int(T). actiontime(T) = #int(T), T! = #maxint.
% define left and bottom for simplicity

left(L1, L2):-right(L2,L1). bot(L1, L2):-top(L2, L1).

% define the adjacent squares

adj(L1, L2) - right(L1, L2). adj(L1, L2):-left(L1, L2).
adj(L1, L2):- top(L1, L2). adj(L1, L2):= bot(L1, L2).

% all the locations

location(L):= adj(L, _).

% It is possible to push a box if the Sokoban can move to thersqua
% in front the box and the box can be pushed in the desiredtitirec
push(B,right, B1,T)V —push(B,right, B1,T):-

reachable(L, T), right(L, B),box(B,T), pushable_right(B, B1,T), good_pushlocation(B1), actiontime(T).

push(B,left,B1,T)V —push(B,left,B1,T):-

reachable(L,T),left(L, B),box(B,T), pushableleft(B, B1,T), good_pushlocation(B1), actiontime(T).
push(B,up, B1,T)V —push(B,up, B1,T):-

reachable(L, T), top(L, B), box(B, T), pushable top(B, B1,T), good_pushlocation(B1), actiontime(T).
push(B,down, B1,T)V —push(B,down, B1,T):-

reachable(L,T), bot(L, B), box(B,T), pushable bot(B, B1,T), good_pushlocation(B1), actiontime(T).
% reachable represents the locations which are reachadbeneat
% timestep from the location of the Sokoban in that timestep.
reachable(L,T):= sokoban(L,T). reachable(L, T) - reachable(L1,T), adj(L1, L), notbox(L,T).

% The following rules define the possible pushes during samestep.
pushable_right(B, D, T):- box(B,T), right(B, D), notbox(D,T), actiontime(T).
pushable_right(B, D, T) - pushable_right(B, D1,T), right(D1, D), notbox(D, T).
pushable left(B, D, T):-box(B,T),left(B, D),notbox(D,T), actiontime(T).
pushableleft(B, D, T):- pushableleft(B, D1,T),left(D1, D), notbox(D,T).
pushable_top(B, D, T) - box(B,T), top(B, D), notbox(D,T), actiontime(T).
pushable_top(B, D, T) - pushable_top(B, D1,T), top(D1, D), notbox(D, T).
pushable_bot(B, D, T):= box(B,T),bot(B, D), notbox(D, T), actiontime(T).
pushable_bot(B, D, T):= pushable_bot(B, D1,T), bot(D1, D), notbox(D, T).

% Effects of pushing.

sokoban(L,T1):- push(_, right, B1,T), #suce(T,T1), right(L, B1).
sokoban(L,T1):= push(-,left, B1,T), #succ(T,T1),left(L, B1).
sokoban(L,T1):= push(-,up, B1,T), #succ(T,T1), top(L, B1).
sokoban(L,T1):- push(-, down, B1,T), #succ(T,T1),bot(L, B1).
—sokoban(L,T1):= push(_, _, ., T), #suce(T,T1), sokoban(L,T).

box(B,T1):- push(_, -, B,T), #succ(T,T1).

—box(B,T1):= push(B, _, -, T), #succ(T,T1).

27
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% Inertia. Unless changes are caused, things remain as #rey w
box(LB,T1):=box(LB,T),#succ(T,T1),not — box(LB,T1).

sokoban (LS, T) = sokoban(LS,T), #succ(T,T1),not — sokoban(LS,T1).

% Unique actions per timestep.

==push(B, _,_,T),push(B1,_,_,T), Bl = B1. == push(B,D,_,T),push(B,D1,_,T),D! = D1.
== push(B, D, B1,T),push(B, D, B11,T), B1! = B11.

% Auxiliary definitions.

good_pushlocation(L) = right(L, _),left(L, ). good_pushlocation(L) = top(L, ), bot(L, -).
good_pushlocation(L) := solution(L).
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B. Sokoban Detailed Results

In Tables 1 and 2 you find detailed results for the Sokobanlpumnchmarks. The reported numbers are seconds
for runtime (user + system time).

Oold ifPoss | ifNeed Old ifPoss | ifNeed
1 738.04 21.39 19.70 27 - 7.54 7.13
2 - - - 28 - | 199.58 | 183.73
3 - 7.48 6.99 29 | 421.22 4.07 3.86
4 - 7.74 7.29 30 - - -
5 - 77.59 71.42 31 | 124.32 14.42 13.23
6 - 173.68 | 162.39 32 - - -
7 - 195.27 | 178.51 33 - | 219.63 | 202.54
8 548.24 12.27 11.62 34 - 62.37 57.57
9 264.85 16.04 14.97 35 - | 199.52 | 182.09
10 - 16.01 14.77 36 - - -
11 - - - 37 | 549.44 17.63 16.68
12 - 54.76 50.20 38 - 56.75 51.69
13 - 23.90 22.18 39 - - -
14 - | 271.24 | 242.87 40 - 16.62 15.07
15 - 19.25 17.54 41 - - -
16 - | 627.05| 575.95 42 - - -
17 - 20.13 18.58 43 - 27.04 25.15
18 - 45.31 41.43 44 - | 295.75 | 276.50
19 - | 487.70 | 441.67 45 - - -
20 - 32.13 30.09 46 - - -
21 - 99.02 92.08 47 - 9.44 8.76
22 - - - 48 - - -
23 | 255.83 21.41 20.10 49 | 385.71 13.89 12.90
24 - 13.81 12.79 50 - 25.35 23.18
25 - 31.69 29.24 51 - | 217.76 | 203.39
26 | 321.81 20.69 19.26 52 - | 246.47 | 230.39

Table 1. Detailed results for the Yoshio Murase SOKO instanc
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Old ifPoss | ifNeed
1 0.98 0.83 0.82
2 1.90 1.67 1.60
3 0.65 0.68 0.67
4 2.99 1.60 1.56
5 61.65 2.22 2.16
6 152.54 21.19 19.28
7 3.86 1.67 1.60
8 100.86 3.87 3.73
9 1.95 1.43 1.37
10 1.16 0.90 0.90
11 3.78 1.59 1.55
12 83.54 2.27 2.20
13 27.30 5.05 4.75
14 | 445.60 4.86 4.65
15 48.18 2.92 2.74
16 0.59 0.60 0.60
17 53.47 9.74 9.10
18 | 361.54 5.98 5.58
19 8.21 2.14 2.06
20 - 8.72 8.07
21 1.55 1.01 0.99
22 | 565.06 7.54 7.01
23 44.30 1.72 1.68
24 - 27.28 25.18
25 82.02 11.41 10.57
26 | 125.81 7.29 6.76
27 3.87 1.55 1.50
28 - 13.63 12.52
29 - 23.90 22.46
30 13.81 2.22 2.18
31 37.72 1.92 1.87
32 3.86 1.21 1.19
33 - 39.44 35.61
34 - 63.17 58.07
35 | 189.21 10.37 9.44
36 - | 302.66 | 281.64

Table 2. Detailed results for the Jacques Duthen SOKO instan

Old ifPoss | ifNeed
37 - | 589.14 | 533.16
38 | 789.52 81.20 75.19
39 | 132.97 2.59 2.52
40 - | 389.44 | 354.95
41 8.37 1.71 1.70
42 - 104.60 96.22
43 | 403.12 2.51 2.42
44 | 224.12 3.61 3.40
45 - 31.23 28.88
46 - 6.43 6.10
47 - 8.67 8.20
48 - | 221.16 | 201.23
49 - 33.38 30.79
50 - - -
51 - - -
52 - | 349.29 | 328.23
53 - 10.98 10.26
54 - - -
55 37.24 2.77 2.62
56 - 10.87 10.04
57 - 79.42 71.75
58 - 64.82 58.67
59 - 8.31 7.73
60 - 5.62 5.29
61 - | 260.75 | 241.98
62 - 116.11 | 106.23
63 - | 688.73 | 638.46
64 | 257.59 21.11 19.60
65 - | 375.09 | 341.36
66 - 40.46 37.40
67 - | 695.20 | 629.97
68 - | 589.31 | 533.12
69 - | 233,59 | 21451
70 - 30.53 28.05
71 - 14.55 13.34




