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Abstract. Disjunctive Logic Programming (DLP) is an advanced formalism for knowledge representation
and reasoning. The language of DLP is very expressive and supports the representation of problems of
high computational complexity (specifically, all problemsin the complexity classΣP

2 = NPNP). The DLP
encoding of a large variety of problems is often very concise, simple, and elegant.

In this paper, we explain the computational process commonly performed by DLP systems, with a focus on
search space pruning, which is crucial for the efficiency of such systems. We present two suitable operators for
pruning (Fitting’s andWell-founded), discuss their peculiarities and differences with respect to efficiency and
effectiveness. We design an intelligent strategy for combining the two operators, exploiting the advantages of
both. We implement our approach inDLV – the state-of-the-art DLP system – and perform some experiments.
These experiments show interesting results, and evidence how the choice of the pruning operator affects the
performance of DLP systems.

Keywords: Artificial Intelligence, Disjunctive Logic Programming, DLP, Non-Monotonic Reasoning, DLP
Computation

1. Introduction

Disjunctive Logic Programming (DLP) is a declarative approach to programming, which has been recently pro-
posed in the area of nonmonotonic reasoning and logic programming. Disjunctive Logic Programming (DLP,
which under the stable model semantics is called also AnswerSet Programming) is a logic programming alterna-
tive to SAT-based programming, which is successfully and widely used in the area of Artificial Intelligence [30].
In SAT-based programming, a given computational problemP is encoded as a propositional CNF formula the
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models of which correspond to solutions ofP ; a SAT solver is then used to find such models (and thus solutions
of P ). In Disjunctive Logic Programming, a given computationalproblemP is represented by a DLP program
whose stable models correspond to solutions; a DLP system isthen used to find such solutions toP [36].

The main advantage of Disjunctive Logic Programming over SAT-based programming is the higher expres-
siveness of its language, which enjoys the knowledge modeling power of logic programming features like vari-
ables, negation as failure, and disjunction. Indeed, the knowledge representation language of DLP consists of
function-free logic programs where disjunction is allowedin the heads and nonmonotonic negation may occur
in the bodies of the rules. The DLP language supports the representation of problems of high computational
complexity (specifically, all problems in the complexity classΣP

2 = NPNP [20]). Importantly, the DLP encoding
of a large variety of problems is often very concise, simple,and elegant [19].

The intended models of a DLP program (i.e., the semantics of the program) are subset-minimal models which
are “grounded” in a precise sense; they are calledstable models[28].

As an example consider the well-known problem of 3-colorability, which is the assignment of three colors to
the nodes of a graph such that adjacent nodes have different colors. This problem is known to be NP-complete.
Suppose that the nodes and the edges are represented by a setF of facts with predicatesnode (unary) andedge
(binary), respectively. Then the following DLP program allows us to determine the admissible ways of coloring
the graph given byF .

r1 : color(X, red) ∨ color(X, yellow) ∨ color(X, green) :- node(X).

r2 : :- edge(X,Y ), color(X,C), color(Y,C).

Ruler1 states that every node of the graph is colored red or yellow orgreen, whiler2 forbids the assignment
of the same color to any adjacent nodes. The minimality of stable models guarantees that every node is assigned
only one color. Thus, there is a one-to-one correspondence between the solutions of the 3-coloring problem and
the stable models ofF ∪ {r1, r2}. The graph is 3-colorable if and only ifF ∪ {r1, r2} has some stable model.

The high expressiveness of Disjunctive Logic Programming comes at the price of a high computational cost
in the worst case, which makes the implementation of efficient DLP systems a difficult task.

The core of a DLP system is model generation, where a model of the program is produced, which is then
subjected to a model check. For the generation of models, DLPsystems typically employ procedures which are
similar to Davis-Putnam procedures used in SAT solvers. As for SAT solvers, two factors are fundamentally
important for the efficiency of model generation in DLP: (i) theheuristic(branching rule) for the selection of the
branching literal, i.e., the criterion determining the literal to be assumed true at a given stage of the computation;
and (ii) thepruning operator, i.e., the operator computing the consequences deterministically derivable from the
program rules and the interpretation at hand, which enlarges the set of known facts pruning the search space.

Several efforts have been made in the direction of implementing efficient DLP systems. After some pioneer-
ing work on stable model computation [5, 49], a number of modern DLP systems are now available. The most
widespread DLP systems areDLV [31], GnT [29], and recently also Cmodels-3 [34]. Many other systems support
various fragments of the DLP language [1, 3, 4, 10, 12, 11, 15,17, 16, 18, 35, 38, 39, 43, 45, 46, 48].

Nevertheless, much work has to be done to make DLP systems fully satisfactory for modern knowledge-
based applications. The design of new optimization techniques and smart algorithms for the computation of DLP
programs is of utmost importance. The present paper goes in this direction, focusing on search space pruning,
an extremely critical problem for the performance of DLP systems. The main contributions of the paper are as
follows:

• We describe the main steps of the computational process performed by DLP systems with a focus on search
space pruning, which is crucial for efficiency. We analyze the properties of the disjunctive extensions of two
well-known pruning operators for logic programming,Fitting’s operator and theWell-foundedoperator.
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We carry out an in-depth discussion on their strengths and weaknesses w.r.t. efficiency and effectiveness,
deriving new properties on these operators which are fundamental for their concrete exploitation in DLP
systems.

• We design an intelligent strategy for combining these two pruning operators, which exploits the advantages
of both, starting from several known results established inprevious works and focusing on modularity
properties [37, 20, 33], head-cycle free programs [6], acyclic programs [25], disjunctive unfounded sets
and complexity [33], combining these in a smart way.

• We implement our approach in the DLP systemDLV , taking care of efficiency issues and respecting the
known complexity bounds. Indeed, the fixpoints of Fitting’soperator are computed in linear time, as are
the Greatest Unfounded Sets (which contribute the negativeinferences in the Well-founded operator).

• We report experimental results on a number of benchmark problems to assess the impact of our approach.
The experiments show that the choice of the pruning operatorhas a strong influence on the performance of
DLP systems, and specifically that our techniques considerably improve the efficiency of theDLV system.

To our knowledge, this is the first paper that focuses on pruning the search space fordisjunctiveDLP pro-
grams. A number of related works have studied pruning operators in the domain of non-disjunctive programs.
The use of the Well-founded operator in the computation of the stable models of non-disjunctive programs has
been first proposed in [32] while its concrete implementation in a system was first done in [49]. The Well-founded
operator corresponds to theupper closureoperator (AtMost) of the Smodels system [41] on non-disjunctive pro-
grams. It has been implemented very efficiently in Smodels, employing a novel optimization technique to localize
the computation [47]. Strictly related, in [8] transformation techniques for non-disjunctive programs have been
proposed, for certain combinations of which correspondence to Fitting’s and Well-founded operators has been
established.

The paper is organized as follows. In Section 2, we introduceDisjunctive Logic Programming and define its
syntax and semantics based on the concept of stable model; wethen illustrate the usage of DLP for knowledge
representation and reasoning by showing a couple of examples. In Section 3, we describe the main procedure for
the computation of the stable models semantics. In Section 4, we present two pruning operators for DLP:Fitting’s
(ΦP ) operator, and theWell-founded(WP ) operator. In Section 5, we analyze several interesting properties of
these pruning operators on some syntactically restricted classes of DLP programs. In Section 6, we design our
new method for the intelligent combination of the pruning operators for DLP, and discuss some key issues for
its implementation inDLV . In Section 7, we report the results of our experimentation activity on a number of
benchmark problems. Finally, Section 8 draws our conclusions. The two appendices provide further details on
the experiments and problem encodings.

2. Disjunctive Logic Programming

In this section, we first provide a brief introduction to the syntax and semantics of Disjunctive Logic Program-
ming; then, we show some examples on the usage of DLP for knowledge representation. For further background
see [19, 28]. In addition, see [2, 13] for comprehensive surveys on the semantics of disjunction and negation in
logic programming.

2.1. Syntax and Notation

Following the convention of Prolog, strings starting with uppercase letters denote variables, while those starting
with lower case letters denote constants. Aterm is either a variable or a constant.
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An atomis an expressionp(t1, . . .,tn), wherep is apredicateof arity n andt1,. . . ,tn are terms.
A literal l is either an atomp (positiveliteral) or its negationnot p (negativeliteral). Two literals are said

to be complementary if they are of the formp andnot p for some atomp. Given a literall, not.l denotes its
complementary literal. Accordingly, given a setL of literals,not.L denotes the set{not.L | L ∈ A}. A setL
of literals is said to beconsistentif, for every literall ∈ L, its complementary literal is not contained inL.

A disjunctive rule(rule, for short)r is a formula

a1 ∨ · · · ∨ an :- b1, · · · , bk, not bk+1, · · · , not bm. (1)

wherea1, · · · , an, b1, · · · , bm are atoms andn ≥ 1, m ≥ k ≥ 0. The disjunctiona1 ∨ · · · ∨ an is thehead
of r, while the conjunctionb1, ..., bk, not bk+1, ..., not bm is thebodyof r. A rule having precisely one head
literal (i.e.n = 1) is called anormal rule. If the body is empty (i.e.k = m = 0), it is called a fact, and the “:-”
sign is omitted.

The following notation will be useful for further discussion. If r is a rule of form (1), thenH(r) = {a1, . . .,
an} is the set of the literals in the head andB(r) = B+(r) ∪ B−(r) is the set of the body literals, whereB+(r)
(thepositive body) is {b1,. . . ,bk} andB−(r) (the negative body) is {not bk+1, . . . ,not bm}.

A disjunctive logic programP is a finite set of rules. Anot-free programP (i.e., such that∀r ∈ P :
B−(r) = ∅) is calledpositive, and a∨-free programP (i.e., such that∀r ∈ P : |H(r)| ≤ 1) is callednormal
logic program. A disjunctive logic program is also calleddisjunctive datalog programanddisjunctive deductive
database. A normal logic program is also calleddatalog programanddeductive database. A program isground,
if it does not contain variables, andpropositional, if all predicate arities are 0.

Sometimes, we simply refer to programs, if they are not restricted to be positive, normal or ground.

2.2. Semantics

The generally accepted semantics of DLP is the (consistent)stable models semantics, originally defined in [28].

Herbrand Universe. For any programP, letUP (the Herbrand Universe) be the set of all constants appearing
in P. In case no constant appears inP, an arbitrary constantψ is added toUP .

Herbrand Literal Base. For any programP, let BP be the set of all ground atoms constructible from the
predicate symbols appearing inP and the constants ofUP .

Ground Instantiation. For any ruler, Ground(r) denotes the set of rules obtained by applying all possible
substitutionsσ from the variables inr to elements ofUP . For any programP,Ground(P) denotes the following

setGround(P) =
⋃

r∈Rules(P)

Ground(r). For propositional (i.e., variable-free) programs,P = Ground(P)

holds.

Stable Models. For every programP, we define its stable models using its ground instantiationGround(P)
in two steps: First we define the stable models of positive disjunctive programs, then we give a reduction of
disjunctive programs containing negation as failure to positive ones and use it to define stable models of arbitrary
disjunctive programs, possibly containing negation as failure.

A (partial) interpretationI for a programP is a consistent set of ground literals, i.e.I ⊆ BP ∪ not.BP such
thatI ∩ not.I = ∅.1 A ground literall is true (resp.false) w.r.t. I if l ∈ I (resp.not.l ∈ I); l is undefinedw.r.t.
I if it is neither true nor false w.r.t.I. An interpretationI is total if each atom inBP is either true or false w.r.t.I
(i.e., no literal is undefined w.r.t.I). We denote byI+ andI−, respectively, the set of positive literals and the set
of negative literals occurring inI.

1Even if the stable models aretotal interpretations, we provide the more general notion ofpartial interpretation, because the computation
of stable models, described in the next sections, relies heavily on partial interpretations.
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A total interpretationX is called amodelfor P if, for every r ∈ Ground(P), H(r) ∩ X 6= ∅ whenever
B(r) ⊆ X. A modelM for P is minimal if no modelN for P exists such thatN+ is a proper subset ofM+.
The set of all minimal models forP is denoted byMM(P). For a positive DLP programP, a total interpretation
X is astable modelif X ∈ MM(P).

Example 2.1. 2 For the positive programP1 = {a ∨ b.}, the (total) interpretations{a, not b} and{b, not a}
are its minimal models (i.e.,MM(P1) = { {a, not b}, {b, not a} }), and they are therefore the stable models
of P1.

For the programP2 = {a ∨ b., b:-a., a:-b.}, {a, b} is the only stable model.
ProgramP3 = {a ∨ b., b:-a.} has only the stable model{b}.

Definition 2.1. The reductor Gelfond-Lifschitz transformof a ground programP w.r.t. an interpretationX is
the positive ground programPX , obtained fromP by

• deleting all rulesr ∈ P for whichB−(r) ∩ not.X 6= ∅ holds (i.e., a negative body literal is false);

• deleting the negative body from the remaining rules.

A stable model of a (general DLP) programP is a total interpretationX of P such thatX is a stable model
of Ground(P)X .

Example 2.2. Let P4 = {a∨ b:-c., b:-not a, not c. a∨ c:-not b.}. ConsiderI = {b, not a, not c}. Then,
PI

4 = {a ∨ b:-c., b.}. It is easy to verify thatI is a minimal model forPI
4 ; thus,I is a stable model forP .

2.3. Knowledge Representation and Disjunctive Logic Programming

In this section we illustrate how a DLP language can be used for knowledge representation. Encoding problems
can be performed in a highly declarative fashion, followinga “guess&check” paradigm, as described in [19]. We
will recall this technique and will then illustrate how to apply it on a couple of examples.

Many problems, also problems of comparatively high computational complexity (ΣP
2 -complete), can be

solved in a natural manner exploiting a DLP system by using this declarative programming technique. The
power of disjunctive rules allows for expressing problems which are more complex thanNP, and the (optional)
separation of a fixed, non-ground program from an input database allows to do so uniformly over varying in-
stances.

Usually, Given a setFI of facts that specify an instanceI of some problemP, a guess&check programP for
P consists of the following main parts:

Guessing Part The guessing partG ⊆ P of the program defines the search space, in a way such that stable
models ofG ∪ FI represent “solution candidates” forI.

Checking Part The checking partC ⊆ P of the program tests whether a solution candidate is in fact an admis-
sible solution, such that the stable models ofG ∪ C ∪ FI represent the solutions for the problem instance
I.

Usually,G consists of some disjunctive rule, andC contains some integrity constraints (plus the definition of
possible auxiliary predicates). However, in general, bothG andC might be arbitrary collections of rules in the
program, and it may depend on the complexity of the problem which kinds of rules are needed to realize these

2For simplicity, we often use propositional examples, in which the programs coincide with their ground instantiations.
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parts (in particular, the checking part); in the extremal case,G could coincide with the full program andC could
be empty, i.e., all checking is integrated into the guessingpart such that solution candidates are always solutions.

It is worth stating that DLP (which is not limited to guess&check) facilitates the formulation of problems
arising in many domains, such as planning and combinatorics. Also various forms of abductive reasoning can be
expressed, as we will briefly describe in the sequel.

Hamiltonian Cycle

As an example which matches the guess&check scheme, let us considerHamiltonian Cycle, a classicalNP-
complete problem.

HAMCYCLE: Given an undirected graphG = (V,E), whereV is the set of vertices ofG, andE is the set of
edges, and a nodea ∈ V of this graph, does there exist a cycle ofG containinga and passing through each
node inV exactly once?

Assuming that the graphG is specified by means of predicatesvertex (unary) andarc (binary). Please
note that predicatearc is symmetric, since undirected edges are bidirectional directed arcs. The starting node is
specified by the predicatestart (unary). The following programPHC solves the problem HAMCYCLE:3

inCycle(X,Y ) ∨ outCycle(X,Y ):- start(X), arc(X,Y ).
inCycle(X,Y ) ∨ outCycle(X,Y ):- onCycle(X), arc(X,Y ).

}

Guess

onCycle(Y ):- inCycle( , Y ).
% At most one ingoing/outgoing arc!

:- inCycle(X,Y ), inCycle(X,Y 1), Y <>Y 1.
:- inCycle(X,Y ), inCycle(X1, Y ), X<>X1.
% Each node has to be on the cycle.

:- vertex(X), not onCycle(X).































Check

The guessing part (first two rules) guess a subset of all givenarcs, while the rest of the program checks
whether it is a Hamiltonian Cycle. The first two constraints in checking part ensure that in the set of arcsS
selected byinCycle there are not two arcs that start at the same node or end in the same node. The third
constraint enforces that all nodes are reached from the starting node in the subgraph induced byS, and ensures
that this subgraph is connected (since it is a cycle) throughthe auxiliary predicateonCycle defined by the third
rule. Thus, given a set of factsF for vertex, arc, andstart which specify the problem input, the program
PHC ∪ F has a stable model if and only if the input graph has a Hamiltonian Cycle.

Ramsey Numbers

We have seen how a search problem can be encoded in aDLV program whose stable models correspond to
the problem solutions. We next see another use of the guess&check programming technique. We build a DLP
program whose stable models witness that a property does nothold, i.e., the property at hand holds if and only if
the program has no stable models. Such a programming scheme is useful to decide co-NPor ΠP

2 properties. We
next apply the above programming scheme to a well-known problem of number and graph theory.

RAMSEY: The Ramsey numberR(k,m) is the least integern such that, no matter how we color the arcs of the
complete graph (clique) withn nodes using two colors, say red and blue, there is a red cliquewith k nodes
(a redk-clique) or a blue clique withm nodes (a bluem-clique).

3In the examples we use also integrity constraints (rules without head). An integrity constraint:- b1, . . . , bm, not bm+1, . . . , not bn. is
a shorthand for the rulebad:- b1, . . . , bm, not bm+1, . . . , not bn, not bad., wherebad is a freshatom not occurring elsewhere in the
program. Intuitively, it forbids thatb1, . . . , bm, not bm+1, . . . , not bn are simultaneously true.
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Ramsey numbers exist for all pairs of positive integersk andm [44]. We next show a program which allows
us to determine whether a given integern is the Ramsey NumberR(3, 4), knowing that no integer smaller than
n isR(3, 4). LetF be the collection of facts for input predicatesnodeandarc encoding a complete graph with
n nodes. Consider the following guess&check programPramsey.

blue(X,Y ) ∨ red(X,Y ):- arc(X,Y ). } Guess

:- red(X,Y ), red(X,Z), red(Y, Z).

:- blue(X,Y ), blue(X,Z), blue(Y, Z),

blue(X,W ), blue(Y,W ), blue(Z,W ).











Check

Intuitively, the disjunctive rule guesses a color for each edge. The first constraint eliminates the colorings
containing a red complete graph (i.e., a clique) on 3 nodes, and the second constraint eliminates the colorings
containing a blue clique on 4 nodes. The programPramsey∪F has a stable model if and only if there is a coloring
of the edges of the complete graph onn nodes containing no red clique of size 3 and no blue clique of size 4.
Thus, if there is a stable model for a particularn, thenn is notR(3, 4), that is,n < R(3, 4). The smallestn such
that no stable model is found is the Ramsey numberR(3, 4).

3. Stable Models Computation

In this section, we describe the main steps of the computational process performed by DLP systems. We will
describe the computational engine of theDLV system [23, 24] which will be used for the experiments, but also
other systems like Smodels [42, 47] employ a very similar procedure.

In general, a disjunctive logic programP contains variables. The first computational step of a DLP system
eliminates these variables, generating a ground instantiation ground(P) of P which is a (usually much smaller)
subset of all syntactically constructible instances of therules ofP having precisely the same stable models asP
[23].

The hard part of the computation is then performed on this ground program by the Model Generator, which
is sketched in Figure 1. For brevity,P refers to the (simplified) ground program in the sequel.

Function ModelGenerator(var I: Interpretation): Boolean;
var inconsistency: Boolean;
begin

DetCons(I,inconsistency);
if inconsistencythen return false;
if “no atom is undefined in I”then return IsStableModel(I);
Select an undefined ground atomA according to a heuristic;
if ModelGenerator(I ∪ {A}) then return true ;
else returnModelGenerator(I ∪ {not A});

end;

Figure 1. Computation of Stable Models

Roughly, the Model Generator produces some “candidate” stable models. Each candidateI is then verified
by the functionIsStableModel(I), which checks whetherI is a minimal model of the programPI obtained by
applying the GL-transformation w.r.t.I.

Initially, the ModelGenerator function is invoked withI set to the empty interpretation (all atoms are unde-
fined at this stage). If the programP has a stable model, then the function returns true and setsI to the computed
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stable model; otherwise it returns false. The Model Generator is similar to the Davis-Putnam procedure in SAT
solvers. It first calls a function DetCons, which extendsI with those literals that can be deterministically inferred.
This is similar to unit propagation as employed by SAT solvers, but exploits the peculiarities of DLP for making
further inferences (e.g., it uses the knowledge that every stable model is a minimal model).

If DetCons does not detect any inconsistency, an atomA is selected according to a heuristic criterion and
ModelGenerator is recursively called on bothI ∪{A} andI ∪{not A}. The atomA corresponds to a branching
variable of a SAT solver.

For the performance of a DLP system the implementation of DetCons is crucial in two ways: It has to perform
its task as quickly as possible, while pruning the search space as much as possible.

4. Pruning Operators

In this section we review two operators that are useful to implement DetCons (see the previous section). As
already mentioned, DetCons has to expand a given interpretation as much as possible to reduce the search space,
while ensuring that such an expansion never causes any stable model to be missed. In other words, if an inter-
pretationI is contained in a stable modelM , that stable model will also contain the expansion ofI computed by
DetCons. We can state this “safety” property formally.

Definition 4.1. A generic operatorΓP is said to be “safe” if, for each interpretationI, and for each stable model
M of a given programP, we haveI ⊆M iff ΓP(I) ⊆M .

The two operators in question are theFitting’s (ΦP ) operator and theWell-founded(WP ) operator. Both have
the property described above, and extend the two corresponding operators defined for disjunction-free programs
[26, 51] to the class of disjunctive logic programs. BothΦP andWP consist of two parts: The part drawing
positive inferences (which is an extension of the immediateconsequence operatorTP , defined for three-valued
interpretations of normal logic programs [51], to disjunctive programs) is the same for both operators; they only
differ in the way they perform negative inferences.

Definition 4.2. LetP be a program, andI be an interpretation.
TP(I) = {a | ∃r ∈ P s.t. a ∈ H(r) : H(r) − {a} ⊆ not.I ∧B(r) ⊆ I} .

Thus,TP(I) derives an atoma from a ruler, if the body ofr is true w.r.t.I and, apart froma, all other
atoms in the head ofr are false w.r.t.I. Note that, in order to be a model, any interpretation extending I must
necessarily containa, otherwise ruler is violated.

Example 4.1. Consider the following programP1:

{a ∨ b. , c:- not a. , d:- e. , e:- d. , k:- not e.}

SupposeI = {not a}: Thenb is derived via the first rule, andc via the second (whose body is contained inI), so
TP(I) = {b, c}.

Intuitively, given an interpretationI, TP derives a set of atoms that are strictly needed to extendI to a model.
Note thatTP is deterministic, that is, its result is a single set of literals.

4.1. Fitting’s (ΦP) Operator

We extendFitting’s operator, which was originally defined in [26], to the disjunctive case. The way this operator
makes negative inferences is described and then combined with theTP operator.
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Definition 4.3. LetP be a program, andI an interpretation.

γP(I) = {a ∈ BP | ∀r ∈ ground(P) s.t. a ∈ H(r) : H(r) − {a} is true w.r.t. I,

or B(r) is false w.r.t. I}.

Thus,γP(I) derives an atoma, if each rule witha in the head already has a false body or a true head (the
head being true by an atom different froma). Note that all such a rules witha in the head are satisfied inI, and
they remain satisfied in all extensions ofI even ifa is set to false.

Example 4.2. Consider the programP1 of Example 4.1, and the interpretationI = {a}. HereγP(I) = {b, c}.

Intuitively, given an interpretationI, γP computes those atoms that will not appear in any minimal model
extendingI since there is no rule left that could be used to derive them (and “support” its introduction in the
model).

We can now define a single step of Fitting’s operatorΦP and its least fixpoint as follows:

Definition 4.4. LetP be a program, andI an interpretation.

ΦP(I) = TP(I) ∪ not.γP(I).

Starting fromI we define the following sequenceFk:

F0 = I

Fk = Fk−1 ∪ ΦP(Fk−1), k > 0.

We now have a growing sequence whosen-th term is then-fold application ofΦP to I, and define the least
fixpoint Φ∞

P (I) of ΦP containingI, as the limit to which{Fn}n∈N converges.

Example 4.3. Consider the programP1 of Example 4.1, and the interpretationI = {a}. It is easy to see that
ΦP(I) = ∅ ∪ not.{b, c} = {not b, not c}.

We thus obtain:

F0 = I = {a}.

F1 = F0 ∪ {not b, not c} = {a, not b, not c}.

F2 = F1 ∪ ∅ = {a, not b, not c} = F1 = Φ∞
P (I)

Next we assert the already discussed “safety” property forΦP .

Theorem 4.1. For every stable modelM of a given programP, if an interpretationI is contained inM , then
Φ∞
P (I) ⊆M .

Proof:
It is enough to show thatΦP(I) ⊆ M for any I ⊆ M ; indeed, if this is the case, we can takeI ∪ ΦP(I) as

another interpretation contained inM , and then iteratively go on until the fixpoint is reached. We first show that
the positive part ofΦP(I) is contained inM ; then, we show that also its negative part is contained inM .

By definition, the positive part ofΦP(I) is TP(I). Let’s take apositiveatoma ∈ ΦP(I). Thus, there must
exist a ruler ∈ P such thata ∈ H(r) with H(r) − {a} ⊆ not.I andB(r) ⊆ I, i.e., the rest of the head ofr
is false while its body is true w.r.t.I. But sinceI ⊆ M , this means that the body ofr is true w.r.t.M ; sinceM
is a stable model, we must havea ∈ M , otherwiser would be violated w.r.t.M , andM would not be a (stable)
model.
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The negative part ofΦP(I), again by definition, isγP(I). Let b be an atom inγP (I). Suppose, by contra-
diction, thatnot b /∈ M ; thenb ∈ M , asM is a total interpretation. Sinceb ∈ γP(I), for each rule havingb in
the head, we have that eitherH(r) − {b} is true w.r.t.I, orB(r) is false w.r.t.I; sinceI ⊆ M , this means that
all such rules are already satisfied (either by a true head or afalse body) also w.r.t.M , and cannot give “support”
to b. Consequently,M contains atomb which is not supported, contradicting the well-known “supportedness”
property of stable models (see, e.g., [27]). ⊓⊔

Importantly, we have the following.

Proposition 4.1. Given a propositional programP and an interpretationI for it, Φ∞
P (I) is linear-time com-

putable.

Proof:
Φ∞
P (I) is well-known to be linear-time computable for a non-disjunctiveP. This result was stated in [7], where

it is attributed to “folklore”.
It is easy to see that this result carries over to the disjunctive case by using a suitable data structure for

identifying atoms, which are derived byγP(I), in constant time. One way of achieving this is to keep a counter
of potentially supporting rules for each atomb (i.e., rules havingb in the head such that the body is not false nor
the head is made true by an atom different fromb) – whenever such a counter becomes zero, atomb is derived
false byγP(I). ⊓⊔

Thus, theΦP operator seems to be a good choice as a pruning operator: it is“safe” (Theorem 4.1), has
the capability to perform negative inferences (Definition 4.4), and its fixpointΦ∞

P (I) is efficiently computable
(Proposition 4.1).

Unfortunately,ΦP fails to derive all possible negative consequences. For instance, in Example 4.3 it fails to
derived ande as false w.r.t.I while the only rules having these atoms in the head will neverhave a true body.
TheWell-foundedoperator presented in the following section is “stronger” in this respect.

4.2. Well-founded (WP ) Operator

TheWP operator defined in [33] extends the operator defined in [51] (whose least fixpoint is the Well-founded
model) to the disjunctive case. It is defined by an extension of the notion ofunfounded setsto disjunctive logic
programs.

Definition 4.5. Let I be an interpretation for a programP. A setX ⊆ BP of ground atoms is anunfounded
setfor P w.r.t. I if, for eacha ∈ X and for each ruler ∈ ground(P) such thata ∈ H(r), at least one of the
following conditions holds:

1. B(r) ∩ not.I 6= ∅, that is, the body ofr is false w.r.t.I.

2. B+(r) ∩X 6= ∅, that is, some positive body literal belongs toX.

3. (H(r) − X) ∩ I 6= ∅, that is, an atom in the head ofr, distinct froma and other elements inX, is true
w.r.t. I.

Example 4.4. Considering the programP1 of Example 4.1 and the interpretationI = {a}, we getGUSP(I) =
{b, c, d, e}. b is added because of the third condition, andc because of the first in Definition 4.5. Thend and
e appear in the head of only a single rule each and for both the second condition of Definition 4.5 holds. We
obtainWP(I) = {not b, not c, not d, not e} andW0 = {a},W1 = {a, not b, not c, not d, not e},W2 =
{a, not b, not c, not d, not e, k},W3 = W2 = W∞

P (I).
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While for non-disjunctive programs the union of unfounded sets is again an unfounded set for all interpreta-
tions, this does not hold, in general, for disjunctive programs.

Example 4.5. GivenP = {a ∨ b} andI = {a, b}, both{a} and{b} are unfounded sets w.r.t.I; but their union
{a, b} is not.

We thus denote byIP the set of all interpretations ofP for which the union of all unfounded sets forP w.r.t.
I is an unfounded set forP w.r.t. I as well. In analogy with traditional logic programming, givenI ∈ IP , we call
the union of all unfounded sets forP w.r.t. I thegreatest unfounded setof P w.r.t. I, and denote it byGUSP(I).

Because the existence of thegreatest unfounded setis not guaranteed in general, the question of how to
decide whether an interpretationI is in IP naturally comes up (also from the viewpoint of complexity, which we
will deal with later on). There is a class of interpretations, calledunfounded-free interpretations, which always
have the greatest unfounded set.

Definition 4.6. Let I be an interpretation for a programP. I is unfounded-freeif I ∩X = ∅ for each unfounded
setX for P w.r.t. I.

Unfounded-free interpretations have a nice semantic property, that, as we will see in the next sections, has
also a practical impact on the computation.

Proposition 4.2. [33] Let I be an unfounded-free interpretation for a programP. Then

P has the greatest unfounded setGUSP(I) (i.e.,I ∈ IP ).

Thus, an unfounded-free interpretation always admits the greatest unfounded set, and this set is efficiently
computable. We can now introduce theWell-foundedoperator.

Definition 4.7. LetP be a program, andI ∈ IP be anunfounded-freeinterpretation. We define theWP operator
as follows:

WP(I) = TP(I) ∪ not.GUSP(I).

This definition extends theWP operator defined in [51] (whose least fixpoint is the Well-founded model) to
the disjunctive case. Note that, sinceWP is defined on the domainIP , each fixpoint ofWP by definition admits
the greatest unfounded set (since each fixpoint ofWP must belong to the domainIP of WP ).

Example 4.6. Consider the programP1 of Example 4.1, and the interpretationI = {a}. Then,WP(I) =
∅ ∪ not.{b, c, d, e} = {not b, not c, not d, not e}.

Observe that, as Example 4.6, clearly shows, thanks toGUSP , WP derives more negative information than
ΦP , and therefore ensures a better pruning of the search space.

Let us now define the least fixpointW∞
P of theWP operator.

Definition 4.8. Given a programP and an interpretationI, we define the following sequenceWk:

W0 = I

Wk = Wk−1 ∪WP(Wk−1), k > 0

We have a growing sequence whosen-th term is then-fold application ofWP to I, and define the least fixpoint
W∞

P (I) of WP containingI, as the limit to which{Wn}n∈N converges.
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Example 4.7. Again considering the programP1 from Example 4.1 and starting from the interpretationI = {a},
we have:

W0 = I = {a}.

W1 = W0 ∪ {not b, not c, not d, not e} = {a, not b, not c, not d, not e}.

W2 = W1 ∪ {k} = {a, not b, not c, not d, not e, k}.

W3 = W2 ∪ ∅ = W2 = W∞
P (I).

Next we state that theWP operator has the “safety” property previously discussed.

Proposition 4.3. [33] Let I be an interpretation for a programP, and letM be a stable model forP. If I ⊆M ,
then

(a) I belongs to the domainIP of WP , and

(b) WP(I) ⊆M .

TheWP operator appears to be a good pruning operator: it is “safe”,and performs more negative inferences
thanΦP . A negative point ofWP is that it is applicable only on unfounded-free interpretations. According to the
following proposition, we cannot efficiently test whetherI is indeed unfounded-free (unlessP = NP).

Proposition 4.4. [33] LetP be a propositional program andI be an interpretation forP. Deciding whetherI is
unfounded-free is co-NP-complete.

5. Pruning Operators on Syntactically Restricted Classes of Programs

In this section, we explore several interesting propertiesof the pruning operators on some syntactically restricted
classes of programs. To this end, we introducedependency graphswhich represent the dependencies of head
predicates on the positive body predicates of rules.

Definition 5.1. With every programP, we associate a directed graphDGP = (N , E), called thedependency
graphof P, where(i) each predicate ofP is a node inN , and(ii) there is an arc inE directed from nodea to
nodeb if there is a ruler in P such that two predicatesa andb appear inB+(r) andH(r), respectively.

The dependency graph allows us to single out the recursive parts of the program, and split the program into
subprograms having different properties.

Definition 5.2. A componentC of DGP is a maximal strongly connected subset of nodes ofDGP . Thesub-
programof C is the set of rules inP having a head predicate inC, denoted byPC . The set of all components of
DGP is denoted byComp(P).

Since there is a one-to-one correspondence between nodes inDGP and predicates inP, we will often refer
to components ofP (meaning components ofDGP ), and identifyComp(P) as thecomponents ofP.

It is worthwhile noting that the same disjunctive rule may occur in the subprograms of two different com-
ponents. For instance, the program consisting of the singlerule a ∨ b., has two components:C1 = {a} and
C2 = {b}. Rulea ∨ b. belongs to both subprogramsPC1

andPC2
.

We are now in the position to define the concepts of (a)cyclicity and head-cycle freeness, which play a very
important role in our computational strategy.
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Figure 2. The dependency graphDGP1
of programP1

Definition 5.3. Given a programP and its dependency graphDGP , we say that:

• a componentC is cyclic if the related subprogramPC of P contains at least one recursive rule (i.e., a rule
r such that a head predicate and a positive body predicate ofr are inC); C is acyclic if it is not cyclic.

• a componentC is head-cycle-free(HCF ) iff the related subprogramPC of P contains no ruler such that
two predicates occurring in the head ofr belong toC.

DGP andP arecyclic if there isat least one cycliccomponent, otherwise they are acyclic. They areHCF
if all components areHCF .

Observe that acyclicity obviously implies head-cycle freeness; while an HCF component might be cyclic
(e.g., if it is not disjunctive) or acyclic.

Example 5.1. Consider the following programP1:

{ a ∨ b. , c :- a. , c :- b. , d ∨ e :- a. , d :- e. , e :- d, not b. }

The dependency graphDGP1
of P1 is depicted in Figure 2. There are four components:{a}, {b}, {c}, {d, e}.

All of them are acyclic except for the last which is also the only non-HCF component, as the head ofd∨e :- a.
contains two predicates belonging to the same cycle. The whole graph, and thus the program, is cyclic but not
HCF .

We next present a well-known theorem in DLP community about aclass of programs for which the operators
Φ∞
P (I) andW∞

P (I) are equivalent. The importance of this theorem will become clear in the next section.

Theorem 5.1. Given a programP and an unfounded-free interpretationI, if P is acyclic thenWP(I) = ΦP(I).

Proof:
Let I be an unfounded-free interpretation of an acyclic programP. The positive parts ofWP(I) andΦP(I)

coincide by definition, since both of them are obtained byTP(I) (see Definition 4.4 and Definition 4.7).
We have to show that alsoGUSP(I) = γP(I) holds for acyclic programs. LetA = γP (I) andB = GUSP(I).

For each atoma ∈ A, the set{a} is an unfounded set forP w.r.t. I, as, by Definition ofγP , all ground rules
with a in the head satisfy Condition 1 or Condition 3 of Definition 4.5. Therefore, for eacha ∈ A, we have
that {a} is contained in the Greatest Unfounded SetB, that is,A ⊆ B. On the other hand, we know that
alsoB is an unfounded set forP w.r.t. I. SinceP is acyclic, we obtain that Condition 2 is superfluous for
the unfoundedness ofB, the ground rules having an element fromB in the head satisfy either Condition 1 or
Condition 3 of Definition 4.5. Consequently, all elements fromB belong toγP(I), that is,B ⊆ A.

Hence, we have thatA = B, that is,GUSP(I) = γP(I) holds. ⊓⊔
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Thus, on the class of acyclic programs, one can convenientlyuse Fitting’s pruning operator, which is effi-
ciently computable and equivalent toWP on these programs. The Well-founded operator, however, hasa stronger
inference power than Fitting’s in the general case (see, e.g., Example 4.6, and the subsequent observation). To be
able to exploit theWP operator in practice, we have to: (1) be able to efficiently detect whether it is applicable or
not (i.e., if the interpretation at hand is unfounded-free or not – in general a co-NP-complete task, cf. Proposition
4.4), and (2) provide a concrete method for computingGUSP(I) efficiently. TheRP,I operator, defined next,
will serve this purpose.

Definition 5.4. LetP be a program andI an interpretation. Then we define an operatorRP,I as follows:

RP,I : 2BP → 2BP

X 7→ {a ∈ X | ∀r ∈ ground(P) with a ∈ H(r),

B(r) ∩ (not.I ∪X) 6= ∅ or (H(r) − {a}) ∩ I 6= ∅}

Given a setX ⊆ BP , the sequenceR0 = X,Rn = RP,I(Rn−1) decreases monotonically and converges finitely
to a limit that we denote byRω

P,I(X).

We next prove a lemma, which was not known so far, and is fundamental for the concrete exploitation of the
WP operator in DLP systems.

Lemma 5.1. LetP be a HCF program andI an interpretation.Rω
P,I(BP ) is equal to the union of all unfounded

sets w.r.t.P andI.

Proof:
Consider an arbitrary unfounded setX w.r.t. P and I. It is easy to see thatX ⊆ RP,I(X) and alsoX ⊆

Rω
P,I(BP ), as also for anyY ⊇ X we haveY ⊆ RP,I(Y ), soX ⊆ Rω

P,I(BP ).
On the other hand, we can show that anya ∈ Rω

P,I(BP) is contained in some unfounded set. Observe that for
each ruler ∈ P such thata ∈ H(r),B(r)∩ (¬.I ∪Rω

P,I(BP)) 6= ∅ or (H(r) \ {a})∩ I 6= ∅ holds by definition
of RP,I . So in particularB(r) ∩ ¬.I 6= ∅ or B(r) ∩ Rω

P,I(BP ) 6= ∅ hold. The only reason whyRω
P,I(BP)

itself might not be an unfounded set is ifB(r) ∩ (¬.I ∪ Rω
P,I(BP)) = ∅ and(H(r) \ {a}) ∩ I ⊆ Rω

P,I(BP)
holds for some rule, because then(H(r) \ Rω

P,I(BP )) ∩ I = ∅ and consequently none of the three conditions of
Definition 4.5 hold forr.

If this is the case, we can construct an unfounded set, starting fromX \ {b | b ∈ H(r) \ {a}, a ∈ H(r)}.
This however, may invalidate condition 2 of Definition 4.5 for some ruler1 with c ∈ H(r1) andc ∈ X1. Note
that thenc 6= a, asP is HCF. Eliminating all suchcs where also conditions 1 and 3 do not hold, may again entail
that condition 2 of Definition 4.5 becomes invalidated. However, this process can be iterated. In this process,a
is never eliminated (as the program is HCF, so in the worst case we arrive at{a}).

More formally, we create a sequence as follows: Start at

X0 = X \ Y0where

Y0 = {b | b ∈ H(r) \ {a}, a ∈ H(r)}

Subsequently, fori > 0:

Xi = Xi−1 \ Yiwhere

Yi = {c | c ∈ H(r) ∩Xi−1, B
+(r) ∩X ⊆ Yi−1, B(r) ∩ not.I = ∅, (H(r) \Xi−1) ∩ I = ∅}

Obviously this sequence converges, and the set which is the limit, is an unfounded set w.r.t.I andP. ⊓⊔
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The properties shown in the following theorem guarantee that theWP operator can be efficiently used on
head cycle free programs.

Theorem 5.2. LetP be aHCF ground program andI be an interpretation, then

1. detecting whetherI is unfounded free is feasible inlinear time,

2. if I is unfounded-free,GUSP(I) can be computed inlinear time,

3. W∞
P (I) (if it is defined) is computable inquadratic time,

all in the size ofP.

Proof:
From Lemma 5.1 it follows thatI is unfounded-free iffRω

P,I(BP) ∩ I = ∅. We refer to Section 6.2, in which a
linear time implementation ofRω

P,I(X) is described, so item 1 follows.
If I is unfounded-free, thenGUSP(I) exists (cf. Proposition 4.2), and in fact from Lemma 5.1 we get that

GUSP(I) = Rω
P,I(BP), obtaining item 2.

Item 3 follows from item 2; a linear number of iterations is sufficient, each of which consumes at most linear
time, so in total at most quadratic time is spent. ⊓⊔

These theorems suggest us a direction to follow in order to improve the capability of pruning the search space
in DLP systems.

6. Efficient Combination of Pruning Operators

We now show how to combine theΦP andWP operators, resulting in an efficient implementation of DetCons.

6.1. A Pondered Choice

From the previous sections, given a programP and an interpretationI, we know that:

• the computation ofΦ∞
P (I) is always very efficient (linear time computable);

• WP is “stronger” thanΦP (i.e.,ΦP(I) ⊆ WP(I) for any interpretationI);

• the computation ofWP is intractable in the general case (since deciding whether an interpretation belongs
to its domain is co-NP-hard);

• the computation ofW∞
P (I) is tractable (quadratic) whenP belongs to the restricted class ofhead-cycle-

freeprograms;

• ΦP is equivalent toWP whenP belongs to the restricted class ofacyclicprograms.

Based on these observations, we have designed an approach which exploits the positive aspects of both
operators, including the efficiency ofFitting’s operator wherever we are sure that it is equivalent to theWell-
foundedoperator or that the computation of the latter is intractable. On the other hand, our approach takes
advantage of the (potentially) stronger pruning of theWell-foundedoperator where feasible. In particular, we
treat each program component differently, and apply to eachcomponent the most appropriate pruning operator.

Our implementation of DetCons is sketched in Figure 3. FunctionsComputeFittingFixpoint(I, inconsistency)
and ComputeWellFoundedFixpoint(I, inconsistency)computeΦ∞

P (I) andW∞
P (I), respectively. They set the
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boolean variableinconsistencyto true if they detect a contradiction (e.g., a branching variable previously assumed
true is proven to be false). Depending on the syntactical structure of each component, we choose the more suitable
of the two operators (Fitting’s and Well-founded). In particular, we applyWP on cyclic and HCFcomponents,
where it is stronger thanΦP but efficiently computable. On the other hand, we applyΦP onacycliccomponents,
where it is equivalent toWP and more efficiently computable, and oncyclic and not-HCFcomponents, where
WP is intractable.

Thus, if the input program is acyclic, we always apply the linear operatorΦP without any loss in pruning
strength. If the program is cyclic, we limit the applicationof WP to those components (cyclic and HCF) where
it has potential for pruning the search space and is efficiently computable.

ProcedureDetCons(var I: Interpretation,var inconsistency:Boolean);
begin

inconsistency :=false;
for each component C∈ Comp(P) do
begin

switch classOf(C)
caseacyclic: ComputeFittingFixpoint(I, inconsistency);
casecyclic-notHCF: ComputeFittingFixpoint(I, inconsistency);
casecyclic-HCF: ComputeWellFoundedFixpoint(I, inconsistency);

end;
if inconsistencythen break;

end;
end;

Figure 3. The DetCons Procedure

6.2. Implementation Issues

We conclude this section with some relevant implementationremarks. For better understanding, DetCons has
been presented in a simplified manner; for details we refer to[22].

At the beginning of the DLP computation, we classify the components of the program w.r.t. acyclicity and
head-cycle freeness, since theDetConsprocedure needs this information. This classification is performed effi-
ciently: We first build the dependency graphDGP of P (in linear time); then, we compute the strongly connected
components ofDGP applying the linear-time Tarjan algorithm [50], and we finally scan the components, check-
ing whether they are acyclic or HCF, also in linear time.

To implement theWell-foundedoperator, we have designed an algorithm computing its negative part, i.e.,
GUSP,C(I) for an interpretationI and a cyclic HCF componentC of a programP (GUSP,C(I) denotes the
union of all unfounded sets ofP w.r.t. I which are contained in componentC). The efficient implementation
of the positive part of the Well-founded operator is straightforward and has already been implemented within
DetCons, cf. [22]. The sketch of the algorithm is depicted inFigure 4 (all implementation details can be found
in [9]).

Recall Definition 4.5 where three conditions account for cases in which a set of atoms cannot be derived.
Conditions (i) and (iii) basically correspond to rule satisfaction (w.r.t.I andI−X, respectively), while condition
(ii) is used to detect positive cycles without foundation. The basic idea, given a componentC, is to computeC−
GUSP,C(I) by incrementally deriving atoms inC which are “founded”, i.e., which do not belong toGUSP,C(I).
This means that we want to build a finite sequenceY0, . . . , Yn, whereY0 = ∅ andYn = C − GUSP,C(I). To
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this end, we look for rules which do not satisfy any of the three conditions of Definition 4.5 (the conditions are
checked w.r.t.X set toYi and the interpretationI). Once one such a ruler is found, we derive thatH(r) ∩ C
(which is a single atom, sinceC is HCF) is “founded” (more accurately, “not unfounded”), that is, it does not
belong toGUSP,C(I) and can thus be added toYi+1. The “foundedness” of an atom may imply the foundedness
of further atoms; we proceed until a fixpoint is reached.

There is yet more room for optimization. Observing Definition 4.5, one can see that condition (1) does not
involve the unfounded setX: it is therefore “static” with respect to the narrowing process, and can be checked
once before computing theYis. In addition, for condition (3) a similar, less straightforward, argument holds: if we
take for eachr the set{r | (H(r)−C)∩I = ∅}, then for eachiwe have that(H(r)−(C−Yi))∩I 6= ∅ only if some
a ∈ I anda ∈ Yi, but then there is some other ruler1 satisfying (2) or (3), otherwisea ∈ Yi ⊆ C −GUSP,C(I)
would not hold (as the componentC is HCF). So for creating the sequenceY0, . . . , Yn it is sufficient to consider
only rules for which (1) and (3) (withX = C) do not hold (let us call these rules “active”). Thus, fori ≥ 0, we
computeYi+1 = Yi ∪ {a | a ∈ H(r), (B+(r) ∩ C) ⊆ Yi} wherer is an “active” rule. We have implemented
this computation by a linear-time algorithm using a propagation queue and counters which store|B+(r)∩Yi| for
each “active” ruler.

At the end of the computation, all atoms inC − Yn are known to be unfounded, and we set them to false in
I. This can result in inconsistency ifI ∩ (C − Yn) 6= ∅, i.e., if an unfounded atom was set to true inI.

It is worthwhile noting that procedurecomputeGUScan be seen as a (linear time) implementation of the
computation of the fixpoint of theR operator for componentC (i.e., Rω

PC ,I(C)). At each step, instead of
explicitly computingRPC ,I(X), the procedure computes its complementC−RPC ,I(X). The i-th elementYi of
the above sequence corresponds to the elementXi = C−Yi. Thus, in terms of theRPC ,I operator, the procedure
computes the sequenceX0 = C,X1 = RPC ,I(X0) (X1 is the set of atoms ofC which are not inFoundedAtoms
after the initialization phase of the procedure in Figure 4),...,Xn = GUSP,C(I).

We have designed a further optimization to the above algorithm, that we have also incorporated in our actual
implementation of DetCons in theDLV system.4 Frequently, all atoms inGUSP,C(I) happen to be already false
w.r.t. I, and its computation is completely useless. We would like toidentify cases where this condition can be
recognized without actually computingGUSP,C(I). To this end, at each step of DetCons (Figure 3), we propagate
the deterministic consequences over all components by means of Fitting’s operator, and subsequently invoke the
Well-foundedoperator only onsome selectedcyclic and HCF components instead of all, as described below.

At the very beginning of the computation, the GUS-computation is applied on each cyclic and HCF compo-
nent. Later, we invoke the GUS-computation only on components where some atom may have become unfounded
by the most recent propagation step. In order to do that, we store some further information during theFitting
propagation.

Basically, an atomA can become unfounded if it has lost a “potential support”, assome ruler containing
A in the head has become satisfied during the last propagation,i.e., either the body ofr has become false or a
head atom ofr, different fromA, has become true (recall that a (disjunctive) rule can support only one atom
in its head). If no atom of a componentC has lost any potential support, then we know thatGUSP,C(I) is
unaltered, and its computation is superfluous. To automatically recognize such superfluous computations, when
a rule becomes satisfied, we push the component of each atom that loses a potentially supporting rule into a
queue. We eventually launch the GUS-computation only for the components stored in this queue, i.e. only for
those cyclic and HCF components in which at least one head atom lost a potentially supporting rule. We thus
avoid a lot of useless GUS computations.

It is worthwhile noting that the algorithms for computing both the Greatest Unfounded Set(as described
above) andFitting’s operator arelinear-timealgorithms; they use propagation queues and suitable counters à la
Dowling and Gallier [14, 40].

4A similar technique, for the (smaller) class of disjunction-free programs, is implemented also in Smodels [47].
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ProcedurecomputeGUS (var C:Component, var I: Interpretation , var inconsistency:Boolean)
var a,b :Atom;
var FoundedAtoms :Interpretation ; % Stores the set of atoms ofC which are proven to be “founded” (not unfounded).
var GUSqueue :Queue; % Stores the atoms whose “foundedness” is to be propagated; controls the fixpoint computation.
var r.counter :Integer; (∀r) % Stores the number of atoms ofC in B+(r) which are not proved to be founded.

% If r.counter becomes zero, then the head of r gets founded.
inconsistency :=false;
% Initialize the rules counters and the queue.
For each atoma ∈ C do

For each ruler such that (r is active anda ∈ H(r)) do
r.counter :=|{b : b ∈ B+(r) ∩ C}|;
If r.counter = 0then

FoundedAtoms.Add(a);
GUSqueue.Push(a);

EndIf ;
EndFor;

EndFor;
% Fixpoint Computation.
While not GUSqueue.empty()do

a := GUSqueue.Pop();
For each ruler such that (r is active anda ∈ B+(r)) do

r.counter :=r.counter - 1;
If r.counter = 0then

Let b be the atom ofC in H(r);
FoundedAtoms.Add(b);
GUSqueue.Push(b);

EndIf ;
EndFor;

EndWhile;
% Set to false all atoms ofC which are not in FoundedAtoms.
For each atoma ∈ C do

If a /∈ FoundedAtomsthen
If a ∈ I then

inconsistency :=true;
return ;

else
I := I ∪ {not a};

EndIf ;
EndIf ;

EndFor;
EndProcedure;

Figure 4. The computeGUS procedure
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7. Comparisons and Benchmarks

In order to evaluate our intuitions, we have implemented twonew pruning operators, based on the conclusions
drawn in the previous section in the DLP systemDLV [31] and experimentally compared the new pruning op-
erators against the original pruning operator employed byDLV . Next, we describe the compared methods, the
benchmark problems and instances, and then discuss the results of the experiments.

7.1. Overview of the Compared Methods

To evaluate our proposed operators, we have implemented thefollowing three approaches on top ofDLV and
compared them by means of various benchmarks:

Old. The method originally employed byDLV . It always uses the generalization of Fitting’s operatorΦP intro-
duced in Section 4.1, which is efficiently computable (a fixpoint is reached in linear time), but does not prune the
search space as much asWP .

ifPoss. Based on the generalized Well-founded operatorWP introduced in Section 4.2, and exploiting obser-
vations from Section 6, this method avoids the use ofWP on those components where its computation is very
expensive (since deciding its applicability is intractable). It employsWP on all head-cycle free components,
while resorting to the generalization of Fitting’s operator ΦP on the remaining (i.e., non-HCF) components.

ifNeed. This is the method described in Figure 3. It fully implementsthe theoretical results from Section 6, using
bothΦP andWP where appropriate, and is a refinement of methodifPoss. WP is only used for cyclic head-cycle
free components, whereasΦP is applied on all acyclic components.

7.2. Benchmark Problems

To evaluate the pruning techniques described in the previous sections, we chose three benchmark problems:
Hamiltonian path, Blocksworld Planning, and Sokoban.

For the sake of readability, the full encodings used for the benchmarks are reported in Appendix A.

Hamiltonian Path (HAMPATH) is a classicalNP-complete problem from graph theory: Given an undirected
graphG = (V,E), whereV is the set of vertices ofG andE is the set of edges, and a nodea ∈ V of this graph,
does there exist a path ofG starting ata and passing through each node inV exactly once?

This is almost the same problem as described in Section 2.3, but the path does not have to be cyclic. The full
encoding is reported in Appendix A.1.

initial:

b
c
a

c
b
a

goal:

Figure 5. A Blocksword Instance

Blocksworld (BW) is a classic problem from the planning domain, and one of the oldest problems in AI: Given
a table and a number of blocks in a (known) initial state and a desired goal state, try to reach that goal state by
moving one block at a time such that each block is either on topof another block or the table at any given time
step. The encoding is reported in Appendix A.2.
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Figure 5 shows a simple instance that can be solved in three time steps: First we move block c to the table,
then block b on top of a, and finally c on top of b.

Sokoban (SOKO) is a game puzzle developed by the Japanese companyThinking Rabbit, Inc.in 1982.Sokoban
means “warehouse-keeper” in Japanese. Each puzzle consists of a room layout (a number of square fields rep-
resenting walls or parts of the floor, some of which are markedas storage space) and a starting situation (one
sokoban and a number of boxes, all of which must reside on somefloor location, where one box occupies pre-
cisely one location and each location can hold at most one box). The goal is to move all boxes onto storage
locations. To this end, the sokoban can walk on floor locations (unless occupied by some box), and push single
boxes onto unoccupied floor locations. Figure 6 shows a typical configuration involving two boxes, where grey
fields are storage fields and black fields are walls.

Figure 6. A Sokoban Instance

We have written aDLV program, reported in Appendix A.3, which finds solutions with a given number of
push actions (where one push action can move a box over a number of fields, but always in the same direction)
for a given puzzle together with a script which iteratively runs thatDLV program with increasing numbers of
push actions (starting at one) until some solution is found.This finds solutions with a minimal number of push
actions.

The puzzle in Figure 6 is solvable with 6 push actions, so the script usesDLV to prove that no solutions with
1 to 5 push actions exist, and then to compute a solution with 6push actions.

7.3. Benchmark Data

We created random graph instances for HAMPATH using a tool5 by Patrik Simons which has been used to
compare Smodels against SAT solvers [47]. For each problem sizenwe generatedteninstances, always assuming
node 0 as the starting node, and for each instance we stopped after the first solution had been found.

The blocksworld problems P1 to P4 have been employed in [21] to compare DLP systems, and can be solved
in 4, 6, 8 and 9 steps, respectively. We augmented these by problems P5 and P6 which require 11 and 12 steps,
respectively. For each of these problems, we generated 8 random permutations of the full input (including the
encoding). In addition, we also tried to solve each of these problems with one step less than required, which fails
to produce any plan but shows the minimality of the regular solutions. These instances are labeled P1-1, P2-1
and so forth in Figure 8.

A vast amount of Sokoban puzzles is available on the Internetin a simple ANSI text format. The examples
we used for benchmarks are results of efforts to automatically generate hard puzzles. One set has been created
by Yoshio Murase6, the other set is due to Jacques Duthen7. The puzzle in Figure 6 is number 2 of Duthen’s

5http://www.tcs.hut.fi/Software/smodels/misc/hamilton.tar.gz
6http://www.ne.jp/asahi/ai/yoshio/sokoban/auto52/
7http://hem.passagen.se/awl/ksokoban/sokogen-990602.skm
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instances.

7.4. Experimental Results

All experiments have been carried out on a Pentium III/1GHz machine with 512MB of main memory, running
SuSE GNU/Linux (kernel 2.4.21). The differentDLV executables have been built with the GCC compiler (version
3.2.2).

For each invocation ofDLV we allowed a maximum run-time of 600 seconds. For SOKO there may be several
invocations per problem instance, so the total reported time may be more than 600 seconds.

Average Maxima

Old ifPoss ifNeed Old ifPoss ifNeed

10 0.02 0.02 0.04 0.02 0.03 0.10

20 0.05 0.06 0.05 0.07 0.08 0.05

30 0.08 0.09 0.09 0.15 0.12 0.09

40 0.12 0.14 0.13 0.13 0.16 0.14

50 55.59 0.20 0.19 443.58 0.23 0.20

60 11.52 0.29 0.27 86.54 0.32 0.29

70 - 0.38 0.35 - 0.42 0.37

80 - 0.50 0.47 - 0.54 0.50

90 - 0.66 0.60 - 0.80 0.65

100 - 0.83 0.85 - 1.09 1.11

110 - 1.02 1.01 - 1.25 1.22

120 - 17.77 16.86 - 116.62 110.32

Figure 7. Hamiltonian Path Running Times

Results for HAMPATH are shown in Figure 7. It is easy to see that both ifPossandifNeed perform similarly
to Old for very small problem instances, but scale tremendously better and are able to efficiently deal with graphs
of 120 nodes, whereasOld is not able to solve almost all problems with more than 60 nodes within the allowed
time. ifPossand ifNeed scale much better, their behavior is similar here, withifNeed being slightly faster than
ifPoss.

The programs for HAMPATH have highly cyclic HCF dependency graphs. Thus,ifPoss and ifNeed can
exploit the pruning power of the Well-founded operator, significantly outperformingOld which employs only
Fitting’s operator. On the other hand, the dependency graphs of these programs usually have one big component
containing nearly all atoms. Therefore, there are only few differences (but still noticeable) betweenifPossand
ifNeed, as the latter cannot avoid many calls to the Well-founded operator.

For BW, Old, ifPossand ifNeed are nearly equivalent, and all three approaches seem to scale similarly. We
explain this as follows: These programs have only few cyclicHCF components while most components are
acyclic. Moreover, these few cyclic components are also very small, and the Well-founded operator does not
bring a relevant gain in terms of pruning compared to Fitting’s operator, so the three implementations show
essentially the same behavior.

SOKO, finally, shows that bothifPossand ifNeed perform significantly better thanOld, which fails to solve
more than 60% of all problems instances and usually takes oneor two orders of magnitude longer to solve the
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Old ifPoss ifNeed

P1 -1 0.03 0.03 0.03

P2 -1 0.05 0.05 0.06

P3 -1 2.35 2.37 2.40

P4 -1 1.28 1.31 1.32

P5 -1 15.86 15.90 15.94

P6 -1 262.64 263.45 263.65

P1 0.04 0.04 0.04

P2 0.07 0.08 0.08

P3 5.97 5.99 5.99

P4 14.53 14.68 14.67

P5 259.65 261.40 261.96

P6 234.62 235.00 235.45

Figure 8. Blocksworld - Average Running Times

remaining ones:

Yoshio Murase Jacques Duthen

solved unsolved solved unsolved

Old 9 43 36 42

ifPoss 40 12 68 10

ifNeed 40 12 68 10

As can be verified on the data reported in Appendix B, both for the Yoshio Murase and the Jacques Duthen
sets,ifNeedyields an average speedup of about 6% overifPoss, the maximum speedup being about 10% (instances
14 and 33 for Yoshio Murase and Jacques Duthen, respectively). For this class of benchmarks, the potential gain
brought about by avoiding useless calls toWP is evident.

In summary, the experiments show that bothifPossandifNeed are strictly preferable toOld; and that of these
two, ifNeed shows a measurable speedup on a wide range of examples. Therefore, recentDLV releases employ
ifNeed by default, even if a command-line option easily allows the user to switch it off, thus makingDLV use
only the original implementation ofFitting’s operator.

8. Conclusions

We have addressed some key issues for the computation of disjunctive logic programs. In particular, we have
focused on search space pruning, which is crucial for the efficiency of DLP systems. We have carried out an in-
depth analysis of two main pruning operators for DLP, namelyFitting’s operator and theWell-foundedoperator.
We have proposed a new strategy for the intelligent combination of the two pruning operators, and we have
implemented it in theDLV system. We have carried out experiments, which confirm the strong impact of the
pruning operators on the efficiency of DLP systems, and assess the importance of our results. Interestingly, even
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if the Well-founded operator is computationally more expensive than Fitting’s operator (quadratic time versus
linear time in the propositional case), its stronger pruning power often pays off and reduces the computation time
by an order of magnitude in some cases.

Future work will focus on tuning the actual implementationsof the pruning operators, and on singling out
new classes of DLP programs where they are efficiently computable.
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APPENDIX

A. Encodings of the Problems

Note that some of the encodings reported here employ true negation (denoted using “−” in front of atoms),
which has not been introduced in the syntax definition in thispaper. However,DLV reduces such programs to
equivalent ones without true negations, substituting eachtruly negated occurrence of an atoma by a new atom
na and adding a constraint:-a, na. for each atoma that occurs both with and without true negation.

A.1. Hamiltonian Path

Suppose that the graphG is specified by two predicatesnode(X) andarc(X,Y ), and the starting node is spec-
ified by the predicatestart which contains only a single tuple. Then, the following program solves the problem
HAMPATH:

% Each node has to be reached.

reached(X) :- start(X). reached(X) :- inPath(Y,X). :- node(X), not reached(X).

% Guess whether a given arc is in the path or not.

inPath(X,Y ) ∨ outPath(X,Y ) :- reached(X), arc(X,Y ).

% At most one incoming/outgoing arc!

:- inPath(X,Y ), inPath(X,Y 1), Y <>Y 1. :- inPath(X,Y ), inPath(X1, Y ), X<>X1.

A.2. Blocksworld

For blocksworld, we used an encoding of the problem domain which is derived from an encoding in an action
language. The reader can refer to [21, 23] for further details.

% specification of the move action

move(B,L, T ) ∨ −move(B,L, T ) :- block(B), location(L), actiontime(T ), B <> L.

% the effects of moving a block

on(B,L, T1) :-move(B,L, T ), #succ(T, T 1).

−on(B,L, T1) :-move(B, , T ), on(B,L, T ), #succ(T, T 1).

% move preconditions

% a block can be moved only when it’s clear

:-move(B,L, T ), on(B1, B, T ).

% if a block is moved onto another block, the latter must be clear

:-move(B,B1, T ), on(B2, B1, T ), block(B1).

% concurrent actions are not allowed

:-move(B, , T ), move(B1, , T ), B <> B1.

:-move( , L, T ), move( , L1, T ), L <> L1.

% inertia

on(B,L, T1) :- on(B,L, T ), not − on(B,L, T1), #succ(T, T 1).

% time at which actions can be initiated

actiontime(T ) :- T < #maxint, #int(T ).

% location definition (blocks are defined in the problem instances)

location(t). location(B) :- block(B).
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A.3. Sokoban

The encoding solving SOKO puzzles follows.

% Timesteps etc.

time(T ):- #int(T ). actiontime(T ):- #int(T ), T ! = #maxint.

% define left and bottom for simplicity

left(L1, L2):- right(L2, L1). bot(L1, L2):- top(L2, L1).

% define the adjacent squares

adj(L1, L2):- right(L1, L2). adj(L1, L2):- left(L1, L2).

adj(L1, L2):- top(L1, L2). adj(L1, L2):- bot(L1, L2).

% all the locations

location(L):- adj(L, ).

% It is possible to push a box if the Sokoban can move to the square

% in front the box and the box can be pushed in the desired direction.

push(B, right, B1, T )∨ −push(B, right, B1, T ):-

reachable(L, T ), right(L,B), box(B, T ), pushable right(B,B1, T ), good pushlocation(B1), actiontime(T ).

push(B, left, B1, T )∨ −push(B, left, B1, T ):-

reachable(L, T ), left(L,B), box(B, T ), pushable left(B,B1, T ), good pushlocation(B1), actiontime(T ).

push(B, up,B1, T )∨ −push(B, up,B1, T ):-

reachable(L, T ), top(L,B), box(B, T ), pushable top(B,B1, T ), good pushlocation(B1), actiontime(T ).

push(B, down,B1, T ) ∨ −push(B, down,B1, T ):-

reachable(L, T ), bot(L,B), box(B, T ), pushable bot(B,B1, T ), good pushlocation(B1), actiontime(T ).

% reachable represents the locations which are reachable atsome

% timestep from the location of the Sokoban in that timestep.

reachable(L, T ):- sokoban(L, T ). reachable(L, T ):- reachable(L1, T ), adj(L1, L), notbox(L, T ).

% The following rules define the possible pushes during some timestep.

pushable right(B,D, T ):- box(B, T ), right(B,D), notbox(D,T ), actiontime(T ).

pushable right(B,D, T ):- pushable right(B,D1, T ), right(D1, D), notbox(D,T ).

pushable left(B,D, T ):- box(B, T ), left(B,D), notbox(D,T ), actiontime(T ).

pushable left(B,D, T ):- pushable left(B,D1, T ), left(D1, D), notbox(D,T ).

pushable top(B,D, T ):- box(B, T ), top(B,D), notbox(D,T ), actiontime(T ).

pushable top(B,D, T ):- pushable top(B,D1, T ), top(D1, D), notbox(D,T ).

pushable bot(B,D, T ):- box(B, T ), bot(B,D), notbox(D,T ), actiontime(T ).

pushable bot(B,D, T ):- pushable bot(B,D1, T ), bot(D1, D), notbox(D,T ).

% Effects of pushing.

sokoban(L, T 1):- push( , right, B1, T ),#succ(T, T 1), right(L,B1).

sokoban(L, T 1):- push( , left, B1, T ),#succ(T, T 1), left(L,B1).

sokoban(L, T 1):- push( , up,B1, T ),#succ(T, T 1), top(L,B1).

sokoban(L, T 1):- push( , down,B1, T ),#succ(T, T 1), bot(L,B1).

−sokoban(L, T 1):- push( , , , T ),#succ(T, T 1), sokoban(L, T ).

box(B, T1):- push( , , B, T ),#succ(T, T 1).

−box(B, T1):- push(B, , , T ),#succ(T, T 1).
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% Inertia. Unless changes are caused, things remain as they were.

box(LB, T1):- box(LB, T ),#succ(T, T 1), not− box(LB, T1).

sokoban(LS, T ):- sokoban(LS, T ),#succ(T, T 1), not− sokoban(LS, T 1).

% Unique actions per timestep.

:- push(B, , , T ), push(B1, , , T ), B! = B1. :- push(B,D, , T ), push(B,D1, , T ), D! = D1.

:- push(B,D,B1, T ), push(B,D,B11, T ), B1! = B11.

% Auxiliary definitions.

good pushlocation(L):- right(L, ), left(L, ). good pushlocation(L):- top(L, ), bot(L, ).

good pushlocation(L):- solution(L).
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B. Sokoban Detailed Results

In Tables 1 and 2 you find detailed results for the Sokoban puzzle benchmarks. The reported numbers are seconds
for runtime (user + system time).

Old ifPoss ifNeed

1 738.04 21.39 19.70

2 - - -

3 - 7.48 6.99

4 - 7.74 7.29

5 - 77.59 71.42

6 - 173.68 162.39

7 - 195.27 178.51

8 548.24 12.27 11.62

9 264.85 16.04 14.97

10 - 16.01 14.77

11 - - -

12 - 54.76 50.20

13 - 23.90 22.18

14 - 271.24 242.87

15 - 19.25 17.54

16 - 627.05 575.95

17 - 20.13 18.58

18 - 45.31 41.43

19 - 487.70 441.67

20 - 32.13 30.09

21 - 99.02 92.08

22 - - -

23 255.83 21.41 20.10

24 - 13.81 12.79

25 - 31.69 29.24

26 321.81 20.69 19.26

Old ifPoss ifNeed

27 - 7.54 7.13

28 - 199.58 183.73

29 421.22 4.07 3.86

30 - - -

31 124.32 14.42 13.23

32 - - -

33 - 219.63 202.54

34 - 62.37 57.57

35 - 199.52 182.09

36 - - -

37 549.44 17.63 16.68

38 - 56.75 51.69

39 - - -

40 - 16.62 15.07

41 - - -

42 - - -

43 - 27.04 25.15

44 - 295.75 276.50

45 - - -

46 - - -

47 - 9.44 8.76

48 - - -

49 385.71 13.89 12.90

50 - 25.35 23.18

51 - 217.76 203.39

52 - 246.47 230.39

Table 1. Detailed results for the Yoshio Murase SOKO instances.
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Old ifPoss ifNeed

1 0.98 0.83 0.82

2 1.90 1.67 1.60

3 0.65 0.68 0.67

4 2.99 1.60 1.56

5 61.65 2.22 2.16

6 152.54 21.19 19.28

7 3.86 1.67 1.60

8 100.86 3.87 3.73

9 1.95 1.43 1.37

10 1.16 0.90 0.90

11 3.78 1.59 1.55

12 83.54 2.27 2.20

13 27.30 5.05 4.75

14 445.60 4.86 4.65

15 48.18 2.92 2.74

16 0.59 0.60 0.60

17 53.47 9.74 9.10

18 361.54 5.98 5.58

19 8.21 2.14 2.06

20 - 8.72 8.07

21 1.55 1.01 0.99

22 565.06 7.54 7.01

23 44.30 1.72 1.68

24 - 27.28 25.18

25 82.02 11.41 10.57

26 125.81 7.29 6.76

27 3.87 1.55 1.50

28 - 13.63 12.52

29 - 23.90 22.46

30 13.81 2.22 2.18

31 37.72 1.92 1.87

32 3.86 1.21 1.19

33 - 39.44 35.61

34 - 63.17 58.07

35 189.21 10.37 9.44

36 - 302.66 281.64

Old ifPoss ifNeed

37 - 589.14 533.16

38 789.52 81.20 75.19

39 132.97 2.59 2.52

40 - 389.44 354.95

41 8.37 1.71 1.70

42 - 104.60 96.22

43 403.12 2.51 2.42

44 224.12 3.61 3.40

45 - 31.23 28.88

46 - 6.43 6.10

47 - 8.67 8.20

48 - 221.16 201.23

49 - 33.38 30.79

50 - - -

51 - - -

52 - 349.29 328.23

53 - 10.98 10.26

54 - - -

55 37.24 2.77 2.62

56 - 10.87 10.04

57 - 79.42 71.75

58 - 64.82 58.67

59 - 8.31 7.73

60 - 5.62 5.29

61 - 260.75 241.98

62 - 116.11 106.23

63 - 688.73 638.46

64 257.59 21.11 19.60

65 - 375.09 341.36

66 - 40.46 37.40

67 - 695.20 629.97

68 - 589.31 533.12

69 - 233.59 214.51

70 - 30.53 28.05

71 - 14.55 13.34

Table 2. Detailed results for the Jacques Duthen SOKO instances.


